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Abstract

Work in the areaof specification-basetesting has pointedout that testingcan be
effectively usedto verify programsagainsformal specificationsTheaimis to derive
testinformationfrom formal specificationso that testingcan be rigorously applied
whenever full formalverificationis not cost-efective. However, therearestill several
obstacledo be overcomein orderto establishtesting as a standard in formal
frameworks. Accurateinterpretatiorof testresultsis anextremelycritical one.

This thesisis concernedwith testing programsagainst structuredalgebraic
specificationsvhereaxiomsare expressedn first-orderlogic with equations, the
usual connectves and quantifiers. The main issue investigatedis the so-called
oracle problem thatis, whetheradecisionprocedurecanbedefinedor interpreting
theresultsof testsaccordingo a formal specificationln this context, testingconsists
in checkingwhetherspecificationaxiomsare satisfiedby programs. Consequently
testsexerciseoperationgreferredto by the axiomsand oraclesevaluatethe axioms
accordingto theresultsproducedoy thetests.

The oracleproblem for flat (unstructured) specifications often reducedo the
problemof comparing two valuesof a non-obserable sort, namelythe equality
problem,andalsohow to dealwith quantifierswhich may demandnfinite testsets.
Equality on non-obserable sortsis interpretedup to behaioural equivalencewith
obsenational equivalenceas an importantspecialcase. However, a procedurefor
implementingsucha behaioural equalitymay be hardto defineor evenimpossible.
In thisthesisasolutionto theoracleproblemfor flat specificationss presentedavhich
tacklesthe equalityproblemby usinga pair of approximateequalities onefiner than
behaioural equalityandonecoarserandtakingthe syntacticpositionof quantifiers
in formulaeinto account.

Additionally, when structuredspecificationsare consideredthe oracle problem
can be harder The reasonis that specificationsmay be composedof parts over
differentsignaturesandthe structuremustbetakeninto accountin orderto interpret
testresultsaccordingto specificationaxioms. Also, an implementationof hidden
(non-eported)symbolsmayberequiredn orderto checkaxiomswhichreferto them.
Two solutionsto the oracleproblemfor structuredspecificationsare presentedn this
thesisbasedon a compositionaland a non-compositionabtyle of testing, namely



structuredtestingandflat testingrespectiely. Structuredtestinghandlesthe oracle
problemmoreeffectively thanflat testingandunderfewer assumptions.

Furthermore testingfrom structuredspecificationanay require an approach
whichliesin betweerflat andstructuredesting.Therefore pasedn normalisatiorof
ordinaryspecificationsthreenormalformsarepresentedor definingamorepractical
and combinedapproachto testingandalso coping more effectively with the oracle
problem.Theuseof normalformsgivesriseto astyleof testingcalledsemi-structued
testingwheresomepartsof the specificationare replacedoy normalforms andthe
resultis checled using structuredtesting. Testingfrom normalforms can be very
cornvenientwheneer the original specificationis too complex or oraclescannotbe
definedfrom it.
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Chapter 1
Intr oduction

“Thorough testing is the toudstone of
reliability in quality assuanceand control of
modernproductionengineering

C. A. R. Hoare

Contents

1.1 TestingandOracles . .. ... .. .. ... ... ... .....
1.2 TowardsaFormal Approachto Testing . . ... ... .....

1.3 OverviewoftheThesis . ... .. ... ... .. .. .. .... 12
1.4 Methodology . . . . ... ... . ... ... 14
1.5 Outline oftheThesis. . . . . . .. . .. . . . .. ... ..... 15

Testingis the proces®f exercisinga programin orderto uncover errorsaspartof
verificationandvalidationactuities. Althoughit is usualto expendaround40 percent
of total softwareprojecteffort ontesting,thisis the leastinvestigatecandunderstood
of all actvitiesin thesoftwaredevelopmeniproces§GoodenougtandGerhart, 1975,
Hamlet, 1994 Pressmanl994. Besidessoftware development methodsusually
concentrat®n analysisdesignandimplementationssuegatherthanverificationand
validationtechniques.Even thoughtestingcanbe appliedin differentstagesof the
software developmentprocessjt hasusually beenseenas an end activity which is
performedonly whenthe developmentprocessasfinishedandusuallyonly thefinal
codeis tested. Nevertheless,it has been widely acceptedthat testing should
be an intrinsic part of the development process and not only an add-on
[Ould andUnwin, 1986 DouglasandKemmererl994 Bicarreguietal.,1997. In
order to establish testing as a reliable and effective verification technique,

1



Chapterl — Introduction 2

it is essentialto develop well-founded methods and strategjies [Hamlet,1994,
BowenandHinchey, 1995,Hoare,1994.

Formalmethodshave beenusedto producehigh integrity softwarein a numberof
applicationdomainsjncludingtheindustrialsetting[Craigenetal., 1993 Hall, 1996,
GaudelandWoodcock,1996, Saiedian]1994. However, full formal development,
which involves formally specifyingthe systemunder considerationrefining the
specificatiortowardsa moreconcretaepresentatioandformally verifying eachstep
in this refinementprocessjs rarely undertalenin practice. Also, evenif this is the
casea substantiatiegreeof testingis still neededsinceboth compilersandruntime
ernvironmentmay not be completelytrustworthy [Dick andFaivre, 1993. Moreover,
formal proofs of correctnessan give increasingconfidencein the integrity of the
system, but errors can still be found [GoodenouglandGerhart, 1975 which
are mainly causedy errorsandomissionsn the specificatiorandhuman/automated
tool mistalesin the proofsaswell. Furthermorewhenlarge and complex systems
areinvolved, full formal verificationis eitherimpossibleor too costly while useful
propertiescan be checled by testing[Bernot,1991. However, formal verification
can be justified and strongly recommended~vhen dependabilityis a necessary
quality of safety-criticalsystemgBowenandStasridou, 1993],eventhoughthereal
benefitssemaincontroversial[Finney, 1994.

Testingis a classicalandfundamentalpproachn practiceto systemverification.
However, in orderto detectcorrectnesdy testing,it is imperatveto coverall possible
waysof interactingwith the system,usually an infinite and impractical actiity.
In fact, philosophers of science have pointed out that while testing can
demonstratethe presence of “bugs”, it cannot demonstrate their absence
[Dijkstra, 1981]. Neverthelessthoroughtestingcanincreasesignificantlyconfidence
that software is correct, evenif it cannotprovide a total guaranteeof correctness
[GoodenougtandGerhart, 1975 Bernot,1991 Mandrioli etal., 1995,Hoare,1996].
Moreover, in specialisedfiields of engineeringwhere mathematicaktechniquesare
employedfor productverification,testingis requiredandappliedasearly aspossible
atall stationsin theproductionline [Hoare,1994.

The combination of formal methods and testing can help to
produce high integrity systemsin a cost-efective way with a partial or total
guaranteeof correctnesgCarringtonandStocks, 1994 BowenandHinchey, 1995,
Bicarrgguietal.,1997. Forinstancetheformal specificatiorcanbeusedasaguide
for formally determiningtestsuites. Formal specificationscombinedwith classical
(non-formal)approache$or software developmenthasbeensuccessfullyappliedin
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mary projects.Productionof formal specificationselpsto exposemary ambiguities
andomissionsandyields specificationsvhich aremore conciseandeasierto reason
aboutthanthe onesbuilt using informal or systematic approaches[Dyer, 1992,
MachadoandMeira,1995. Real world systemscan be too large to be formally

provencorrectin a cost-efective way, but it is fundamentato usea notationfor the
specificatiorstepwhich avoidsasmary anomaliesaspossible Furthermoreinformal

specificationarenot effective to uncover errors[Laski, 1988]andderving testsuites
from a formal specificationseemgo be feasibleand very promisingaswell asthis
is anotherway to compensatdor the costsof producingit [Dick andFaivre, 1993,
ParissisandOuabdesselani996 Donat,1997. In fact, formal specificationshave
beenpointedoutto befundamentalto theestablishmentf atestingtheory A possible
useof formal methodsandtestingfor verifying systemss sketchedin Figure 1.1,
wheretestobligationsaregenerate@dndtestingis usedto dischage themalongwith

selectegroof caseg§Machado,1998 Liu, 1999.

Proof/Test
Generator

Proof
Obligations

Test
Obligations

Selected
Cases

Proof
Assistant

Test
Assistant

Results

Combining
Results

Figurel.1l: Formalverificationof systemsasedn testingandformal proofs.

Specification-basetksting alsocalledformal testing is concernedvith deriving
test suitesfrom formal specificationsof programs[Richardsoretal.,1989. More
recently severalworksin this areahave beendevelopedfocusingon:
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e algebraicspecifications
([Bernot,1991], [Bernotetal., 1991, [Bernotetal., 1997,
[Sankaretal., 1993, [Antoy andGannon 1994, [Gaudel, 1995,
[Le GallandArnould, 1994, [Arnould etal., 1994, [Le Gall, 1999])

e model-basedpecifications
([Dick andFaivre, 1993],[DouglasandKemmererl994, [Stepng, 1993,
[StocksandCarrington,1996],[Donat, 1997, Donat,1998])

¢ transitionsystemsandprocessalgebra
([Brinksma, 1989 , [Brinksmaetal., 1995, [Brinksma, 1999,
[Holcombe,1993],[HolcombeandIpate, 1995, [Clarke andLee,1995],
[Tabourieretal., 1999, [DiazandEscrig,1999],[Schneider1999)

e object-orientedystems
([DoongandFrankl,1994, [FletcherandSaje®, 1994, [Barbey etal., 1999,
[Péraireetal., 1999, [McDonaldetal., 1997, [Murray etal., 1999,
[Chenetal., 1998])

e reactve systems
([Richardsoretal., 1993, [O’Malley etal., 1994, [Dillon andYu, 1994,
[Dillon andRamakrishnal996],[CourcoubetisandYannakakis1995,
[Mullerburg etal., 1995, [Mandrioli etal., 1995],[Morascaetal., 1994,
[ParissisandOuabdesselani99q, [Jagadeesaetal., 1997])

e architecture-baseslystems
([RichardsorandWolf, 1994, [Bertolino andinverardi, 1994,
[Rice andSeidman;1998],[ConquetandMarty, 1999)

The combineduse of testingand model checkinghasalso been investigated
(JAmmannetal., 1999, [HalbwachsandRaymond1999], [Bousquet,1999,
[HolzmannandSmith,1999], [GamgantiniandHeitmeyer, 1999]). Nevertheless, a
greateffort is still neededn orderto have testingas a standardactiity in formal
frameworks. For instance,the accurateinterpretationof testresultsseemsto be a
crucialpoint. Anotherimportantpoint, moreextensvely investigatedhantheformer,
is how to properlyselectgoodfinite testsets.

The main subjectof this thesisis the so-calledoracle problemwhich concerns
the definition of decisionproceduresor interpretingthe resultsof tests. Oraclesare
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derivedfrom structuredalgebraicspecificationsexpressedn first-orderlogic. In this
contet, functionalityandmodularityarethe mainissuego be analysed.

This chapteiis structuredasfollows. In Sectionl.1,oraclesarebriefly introduced
in the generalcontext of testing. Sectionl.2 presentsomerelatedattemptsowards
aformal approacho testing.Sectionl.3 givesanoverview of thethesisandits main
contributions. Sectionl.4 introduceshe methodologyadopted.And finally, Section
1.5presentsa planof chapters.

1.1 Testingand Oracles

Therearedifferenttypesandstratgiesof testingwhich focuson differentobjectves
and different abstractviews of the software [Hamlet,1994 Zhuetal.,1997. The
mainobjectieis to detecterrorsanda goodtestsethasa high probability of finding
a hiddenerror Activities like pinpointingand correctingfaultsare out of the scope
of testingandarecalleddehugging. A stratgy of softwaretestingintegrategplanning
andtestdesignmethodsandtechniquesn asingleprocess. Top-downandbottom-up
testingaregeneraktratgieswidely used.

Authorsusually differentiatebetweenerrorsandfaults: an error is anincorrect
valueproducedby executionof the softwareundertestanda fault is a bug detected
in the softwaresourcecode[Richardsoretal., 1989. While dynamictesting which
involvesexecutingthesoftwareis morelik ely to detecterrors,statictedhniqueswvhich
involvesinspectionor analysisof the software sourcecodearemorelikely to detect
faults.However, bothapproacheareheaily dependenbntheexistenceof acomplete
andprecisespecificatiorof the program[Sommerville,19935.

The classical approachesto software testing are black-box and white-box.
Black-box or functional or specification-basethethods generate tests from the
functional specification of the software while white-box or structural or
program-based methods use information from the concrete structure and
implementatiorof thesoftwareasabasisto derivetests.Usually, theseapproacheare
combineddependingon theapplicationandthe objectvesthatshouldbe achieved.

In general,a completetestingprocessncludesfour steps: unit testing, module
testing,integrationtesting,andsystemor validationtesting. Unit testingcheckseach
individualcomponenindependentlymoduletesting checksherelationshipbetween
all componentsin a module and the status of hidden and exported information,
integration testing checks collections of modules andtheir combinationto form
sub-systemsand systentestingcheckssub-systemsintegration and whether the



Chapterl — Introduction 6

Specification

Test Data Test

Selection

Test Case
Generation

Execution

Test Results

Test Cases Sequencing

Interpretation
of Results

)| Oracle ————)

Figurel.2: A genericmodelof ablack-boxtestingprocess.

overall systemmeetsts functionalandnon-functionakequirements.

A generianodelof ablack-boxtestingprocesss shovnin Figurel.2. Theprocess
of designingtestsuitesusuallyincludesthe following actwvities: testcasegeneration,
testdataselectionand test sequencing.A testcaseis a statementaboutwhat the
testcovers (input criteria, acceptancecriteria), which canbe expressedy logical
predicatesor even by informal statementsTestdataor testsetis aninstanceof test
casesvhich consistf acollectionof valuessubmittedto a programasinputin order
to testit. Testsequencingroducesan efficient orderof submittingtestdatato the
programavoiding repetitiongHall andHierons, 1991, Dick andFaivre, 1993].

Obviously, testing programs does not only consistin submittingvarious
combinations of input valuesand exercising them, but also giving a coherent
interpretationto the resultsproducedby themwhenreceving thosevalues. Along
with selectingtestdatasets,specialiseddecisionprocedureswidely called oracles
may alsobe carefully plannedto assistthe testingprocess.Oraclescanbe classified
into active andpassve ones[HoffmanandStrooper1991]. Passiveoracleschecka
staticassociatiomf outputsandtargetoutputs whereasctiveoraclesalsoproducethe
outputsto bechecled. Theoracleproblemarisesvhenerer suchadecisionprocedure,
which mustbe executableandfinite, cannotbe defined. For instance this happens
dueto the semanticgap betweenspecificationand programvalues. Oneway of
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reducing this gap is by refining specifications towards automated oracles in
either a given formalismor programming languageglLe Gall andArnould, 1996,
McDonaldetal., 1997.

Considethefollowing definitionsof testcasefestsetandoracle.Givenaprogram
p, a testcasemay consistof a setof input valuesassociatedvith expectedoutput
values,accordingto an axiom of the specification. Then an oracle hasto check
whetherthe outputproducedvhenthe programis executedwith thatparticularinput
coincideswith the correspondingutputin the testcase. In the sequel,let p be a
programwhoseinputdomainis D andoutputdomainis X. Let TC beatestcasewhich
is definedasatotal functionfrom elementof D’ C D to elementf X’ C X. Thenlet
dom(TC) = D’ denoteghe domainof TC. Also, let TC(t) denotethe corresponding
tamget outputfor a giveninputt € Dom(TC) and p(t) denotethe resultof executing
p with inputt. The programp meetsTC if andonly if it meetsit on all inputsin
dom(TC), thatis, p(t) = TC(t) for allt € Dom(TC). However, dom(TC) is likely to
beinfinite. Thus,afinite testsetT C dom(TC) needgo beselectedA functionO is
calledanoraclefor ponTCif forallt € D [Hamlet,1994:

true p(t) =TC(t) (p(t) is anacceptableesul}
O(t)=< false p(t)# TC(t)
true t¢ dom(TC)

The meaningof anacceptableesultis definedasthe resultof comparingp(t) to
the pre-definedarget output TC(t). The lack of an effective procedureto compare
thesevalues, mainly becausep(t) and TC(t) are defined at different levels of
abstractioncancausethe oracleproblem. For instance consideran specificationof
setsandanimplementatiorof setsaslists. Supposeepetitionof elementss allowed
in the implementatiorandthe following axiom needsto bechecled: SUT =TUS
Then,let Sbedefinedas[1,2, 2] andT as[3,3,4],andSUT =[1,2,3,3,4] andT US=
[3,4,1,2,2] be the resultsof evaluatingtheseexpressions.Clearly, the resultof the
testSUT is not literally equalto T U S eventhoughthey are behaiourally equal.
In casedike this, the oracleproblemis how to definea procedureto decidethatan
outcomaeis correctaccordingto the specification Some approachego sort out this
problem hinges on a mapping betweenspecificationvalues and implementation
values [Richardsoretal., 1993. Othersarebasedon obsenationalequivalenceand
obsenationalsatishction [SannellaandTarlecki, 1987, Bidoit andHennicler, 19949
of theaxiomsof a specificatioriBernot,1991,Gaudel,1995 Chenetal., 1998.
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The literature on specification-basedesting has mainly concentratedon
investigatinghow test cases/tessetscan be refinedratherthan on defining oracles
[Hamlet,1994. Someexceptionsaretheworksof [Bernot,199] and[Gaudel, 1995
in the context of positive conditionalspecificationsand[Le Gall andArnould, 1994
which givesaninterpretatiorby usinginstitutionsof obsenableresultsobtainedrom
dynamictesting.Also, [Dick andFaivre, 1993 and[Richardsoretal., 1992] pointed
outthatformal specificationganbeusedasoracledor softwaretesting.Eventhough
sometheoreticalssueshave alreadybeenconsideredboutoraclesafeasiblemethod
of dealingwith the oracleproblemhasnotcomeoutyet. Furthermorethereasongor
definingautomatedraclesare quite obvious: humanoraclesare usually imprecise
and errorpronewhile automatedraclesderived from consistentand unambiguous
sourcescan leadto more efficiengy, feasibility and reliability in the testing
procesgRichardsoretal.,1992,McDonaldetal., 1997, Holzmannand Smith,1999,
HalbwachsandRaymond1999.

1.2 Towards a Formal Approachto Testing

Testingfoundationsarestill weakandill-understood.Thetheoryof testingdeveloped
sofaris still in its infang. For instancethefundamentaproblemof thesemantigap
betweemrogramresultsandabstracspecificatiorhasnotbeeneffectively solvedyet.
Someimportantattemptsowardsa formal approacho testingcloselyrelatedto this
thesisaredescribedelow.

1.2.1 A Theory of TestSelection

[GoodenougtandGerhart, 1979 presenfundamentaldeasaboutthetheoreticaland
practicalrole of testingin the softwaredevelopmentrocessTheirideashave greatly
influenced researchin this area. They believe testing and formal proofsare
complementaryechniquedor verificationof programsandthey discusghelimitation

of testingasan activity without formal andwell-statedproceduresThey alsoargue
that properly structuredtestsare able to demonstratehe absenceof errors in a
program.Theirwork is aninitial attempttowardsatheoryof testingbasedn theuse
of a programs specificationto derive testcasesijllustratedby examplesof problems
testingmustdealwith. For instance,an exhaustve testset— onethat exercisesthe
programwith all possiblecombinationsof input values— is not practical. Thus,they

defineathoroughtestsetT, to be onewhich satisfiesa predicatedefininghow some
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criteriaC is usedto selectT. The criteriaC describesvhat propertiesof a program
mustbe exercisedand T is completew.r.t. C if T satisfiesall propertiesin C. A
thoroughtestsetensureghat successfubxecutionimplies correctnessvith respect
to C. Furthermorethey presenta methodfor testdataselectioncalledthe condition
tablemethodusingdecisiontablerepresentationsf programconditionsandtestdata,
whererows have conditionvaluesandcolumns have testcasevalues. Theapproach
is basedon assumptionabout how program errorsoccur andgathersinformation
from the requirementsa program is to satisfy the programs specificationandthe
generalcharacteristicsof the implementation method used. Also, the method
definesguidelinesaboutthe sequencen which testdatashouldbe presented.The
fundamentalttheoremof testing statesthat if a criteria is valid! and reliable?
and athorough(completeestsetis selectecandsuccessfulthencorrectnessanbe
detected.The maindifficulty is how to selectthoroughtestsetsfrom a givencriteria
andcheckwhetherthecriteriais valid andreliable.

[Brinksma,1988] presentsan outline of a testingtheoryfor the derivation of test
suitesin specificationformalismsthat allow a semantic interpretationin termsof
labelledtransitionsystems.His generalideasaboutconformancebetweenprogram
andspecificatiorhaveinfluencedhenotionof correctnesproposedy otherworksin
amoregenerakontet [Le Gall andArnould, 1996. Healsointroduceghedefinition
of a canonicaltester which is elsavherecalled an oracle, for finite and non-finite
systemsandsketchesa proofthatcanonicakestersalwaysexist.

1.2.2 TestingagainstAlgebraic Specifications

Testing from algebraicspecificationshasits basisin the works of [Bougg, 1989,

[Bougéetal., 1984, [Bernotetal., 1991 and[Gaudel, 1995. Test case selection
and oracles to decide on discrepanciesbetweena program behaiour and a
functional specificationtogetherwith modularity are the main issuesinvestigated.
Solutions to the oracle problem are proposedin [Bernot,1991 Gaudel,1995,
Le Gall andArnould, 1999.

[Bernot,1991] presentsa theoreticalview of testingagainstformal specifications
focusingon algebraicspecifications. The main idea s that the critical properties
shouldbe proved, while lesscritical propertiescanbe checled by a formal approach
to testing.Usingaformal specificationpnecanderie testingstratgiesin arigorous

LA criteriais valid if it is possibleto selectdatathatuncoversanerror.
2A criteria is reliable if completetest setsare consistentin the ability to reveal errors, that is,
completetestsetsw.r.t. this criteriaareall successfubr unsuccessfuor agivenprogram.
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andformal framewnork. He introducesthe ideathat a test datasetwhoseselection
is basedon somecriteriaasproposedy [GoodenouglandGerhart, 1979 cannotbe
consideredndependentlyof the existenceof anoracle, a decisionprocedurewhich
determinesvhethetheprogrambehaescorrectlywith respecto its specificatiorona
giveninput, andof a setof hypothesesnthe programwhich expresshegapbetween
thesucces®f thetestandthe correctnessf the program.Thetheoryis basednthe
notion of testingcontext whichis atriple (H, T, O), whereT is atestdataset,H is a
setof hypotheseandO is anoracle.Testsetsareinstance®f axiomsandoraclesare
partial predicatesvhich areeitherundecidableor decidewhetheratestis successful
or not. Specificationsrerestrictedo positive conditionalequationsandthetheoryof
testdatasetselectionexploresthe definitionof anexhaustve testset,anda canonical
testsetwhich canbe refinedtoward a smallerbut valid® and unbiased testset by
usinggeneraldataselectiontechniquedik e the regularity hypothesisanduniformity
hypothesis.

As theresults producedby the program may dependon some representation
choices,the comparisorbetweenprogramand specificationvaluesgivesrise to the
oracle problem Someapproacheso handlethe oracle problemfor testsbasedon
conditionalpositive equationsareintroduced. The programundertestcaneitherbe
instrumentedvith new procedureso computeabstractequalitiesor only obsenable
elementaryestscanbeconsideredAlso, theoraclecanbeconstructeavith additional
equalityoperationdo drive the programundertest. [Bernotetal., 1997 alsodefines
atheoryof probabilisticfunctionaltestingin which testcasesareselectedaccording
to adistribution onasubdomain.

[DoongandFrankl,1994 proposean approachto unit testingof object-oriented
programsagainstalgebraicspecifications.There,a testcaseis definedasa pair of
sequencesf messagealongwith a tagto indicatewhetherthesesequenceshould
resultin objectswhichareequivalent,thatis, in thesame‘abstractstate”. Two objects
of a classC areobsenationally equivalentif andonly if eitherC is built-in andthe
objectshave identical valuesor C is a userdefinedclass,andfor ary sequencef
operationof C ending in afunction returning anobject of another class C/, the
resultingobjectsare obsenationally equivalent. Sincetestingcannotrely on infinite
proceduresthey proposedhatanapproximatiorto the obsenationalequalityshould
be suppliedin ary class. This approximationcanbe definedeitherfrom the abstract
specification or at implementation level. [FletcherandSaje®, 1999 presenta

3If testingis successfulor all valuesin thetestset,thenthe programis correct.
4Correctprogramscannotbe rejectedby testingusingthe testset.
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framewvork for semi-automatic generation of test cases for object-oriented
programs from Object-Z [Dukeetal.,1995 specificationsbased on the ideas
of [DoongandFrankl,1994. Also, [Barbey etal., 1996 Péraire,199§ propose an
adaptation of the theory presentedin [Bernotetal.,199] to test object-oriented
softwaretakinginto accounthe possibleandimpossiblesequencesf messageall.

[Gaudel, 1999 presentsa surwey of researchin algebraic specification-based
testing. The theorypresenteds an extensionof the one proposedy [Bernot,1991]
and is also based on the works of [GoodenouglandGerhart197§ and
[Gourlay, 1983]. The oracle problem is more deeply analysedusing the notion
of obsenationalequialence[Bidoit etal.,1995. A brief descriptionof somecase
studieds alsopresentedTestinga programP againstagroundequatiort =t’ consists
in evaluatingthetermst andt’, whichyieldst p andt p’ respectiely, andcomparinghe
resultingvalues.An exhaustvetestsetis definedo bethesetof all well-sortedground
instancef axioms A solutionto the oracleproblemis proposedn the contet of
positive conditionalspecificationsn which all the equationsn preconditionsare of
obsenablesortsandequalityon non-obserablesortsis definedfrom a subsebf all
obsenablecontexts.

[Le GallandArnould, 1996 Le Gall, 1999 present formal approachto testing
basedon the work of [Bernot,1991] and [Gaudel,1995. However, they are
more concernedwith the question of how far a program can be considered
correct. They proposean oracle framavork basedon the conceptof institution
[GoguenandBurstall,1984 GoguenandBurstall, 1994 and state some general
definitionsaboutcorrectnes®f a programP with respectto a specificationSP via
anoracleO, afterwardsspecialisinghe definitionsto positive conditionalequations.
Institutionsareusedo givethesemantidnterpretatiorof specificationsprogramsand
oracles.The definition of correctnesss basedon theintuition thatthe interpretation
of obsenable sentencedy an oraclecangive semanticso programs. Testsetsare
definedasobsenrableconsequences aspecificatiorSP. Theaimisto avoid rejecting
correctprogramsanddetectas mary incorrectprogramsas possible. Referencdest
setsT which aresubsetof the setof obsenableconsequenceareconstructedising
equialence partitions basedon either deterministic or probabilistic choices. A
programP is correctw.r.t. SP if andonly if Modo(P) € Modo(SP), whereModo(X)
givesthe setof modelsof X w.r.t. O. In orderto avoid computingequalityon values
of non-obserablesorts,only obsenablecomputationsareconsideredWheneer SP
doesnot have enoughobsenations, it is made*“testable” by addingthe necessary
oneswhich mayrequireintuition andalsoaddunnecessargompleity to theabstract
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specification Dueto this fact,they only considerconcretespecificationsefinedfrom
abstracbnes.Again, thesetof all obsenableconsequencas likely to beinfinite. An
initial attempttowardsa modularapproacho testingfor hierarchicalspecifications
is alsogivenin [Le Gall andArnould, 1996. [Arnould etal., 199§ alsoproposedo
enrichalgebraicspecificationgo allow a descriptionof datatype boundaries.

[DocheandWiels,200Q propose an approach, based on the works
of [Gaudel,1995 and[Péraireetal., 199§, to testgeneratiorof structuredorograms
whosestructurereflectsthe structureof specifications.The intentionis to allow for
an incrementaltestingapproach.Like [Le Gall andArnould, 1996], the conceptof
institution [GoguenandBurstall,1984 GoguenandBurstall,1999 is extendedto
includea notion of test. Testsaregeneratedrom small specificationsthenthey are
renamedand composedaccordingto a compositionmechanisnbasedon pushouts
andpresenrationof correctness.

1.3 Overview of the Thesis

This thesisseeksa solutionto the oracleproblemfor testingprogramsmodelledas
algebrasagainststructuredalgebraicspecificationswith testinginterfacewhich are
ordinarystructuredspecificationgxtendedo includetestsets.Axioms arefirst-order
formulaswith the usualconnectves and both universaland existential quantifiers.
Structuredspecificationsare definedusing specification-hilding operations like
union, translateandhide [SannellaandTarlecki,1997,Hennicler, 1997]. The main
questionaddresseds: underwhich conditionsis it possibleto definea finite and
executableoracle to interprettestresultsin this context ? In other words, what
obstaclesare encounteredvhentestingfrom structuredalgebraicspecificationsand
how canthey be properlyhandled? Is therea feasiblesolutionto the oracleproblem
in this context ? If yes,whatcanbe concludedaboutthe correctnes®f the program
beingtestedf testingis successfuP Behavioural satistctionof specificationaxioms
by algebrags choserto definecorrectnes§Bidoit andHennicler, 1996].

As [Gaudel, 1999 pointsout, the oracle problem often reducesto the more
generalproblemof comparingvaluesof a non-obserable sortwhich makesoracles
undecidablen general. However, the useof universaland existential quantifiersin
specificationscan make the oracle problem more difficult thanin the context
of positive conditional specifications which have been investigated so far
[Bernot, 1991, Gaudel, 1995 Le GallandArnould, 1994, asinfinite test setsmay
be required. Moreover, the structureof specificationganimposeadditionalbarriers
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which restrictthe way specificationsand test suitesare defined. For instance the
structurehasto be taken into accountin interpretingtest resultsw.r.t. specification
axioms.Also, in orderto checkaxiomswith hiddensymbolsjt is necessaryo provide
an additional implementationfor these symbols as the program undertestis not
supposedo implementthem. Providing suchanimplementatiomrmay be very tricky,
but essentialf theseaxiomshave to be verified.
Themaincontributionsandoutcomef thethesisare:

A methodicalstudy of testingin the context of flat algebraicspecifications
expressedn first-orderlogic, focusingon the oracleproblem.

¢ A solutionto theoracleproblemfor flat specificationsThisis basedntackling
the equality problemby the useof two approximateequalities,one black-box
andonewhite-box, which areappliedaccordingto specificcontects in which
equationccurwithin axiomsandtaking quantifiersnto account.

e A throughinvestigationof the oracleproblemby definingand comparingtwo
extremeapproacheto testingprogramsagainststructuredspecifications: one
compositional,namely structuredtesting,and the other non-compositional,
namely flat testing. Structuredspecificationsare extendedto include a test
interfacewhich consistof testsetdefinitions.

e A useof specificationnormalisationto define a more feasibleand practical
solutionto the oracleproblemfor testingfrom structuredspecificationsThree
normalformsareproposedyiving riseto combinedstylesof testing.

The thesisis centredon unit and moduletestingand active oracles. It doesnot
considerefinemenbf testcasesandtestsetsor decidingwhich degreesof confidence
regarding correctnesscan be achiesed. However, these topics are mentioned
throughouthis thesisinsofar asit is quite unreasonablto investigateoracleswithout
alludingto them. Also, thethesisis not aimedat giving a practicalmethodof testing
which falls beyond the intendedscope. But, the importanceof definingtest suites
from formal specificationss emphasisetbbgethemwith someguidelinesfor defining
oracles.Also, ratherthanstayingin the purefield of specification-basetesting,the
thesisalsoconsiderswhite-box” techniqueso dealwith the equalityproblem.



Chapterl — Introduction 14

1.4 Methodology

The ultimate goal of testing from algebraic specificationsis to check whether
specification axioms are satisfied by programs. Thus, oraclesareusuallyactive
procedureswhich drive the necessaryestsand interpretthe resultsaccordingto a
givenaxiomwhich needgo be checled. In this thesis,oraclesaredefinedaccording
to a testing satisfction relation which differs from the standardone by the way
equalityis computedand alsobecauseajuantifiersrangeover testsets. For the sale
of simplicity, testcasesaretakenasspecificatioraxioms. Obviously, techniqguesan
alwaysbe appliedin orderto simplify testcasesor make themmore practicalasin

[Donat,1997 Le Gall, 1999]. However, this out of the scopeof thisthesis.

The generictestingmodel to be followed is shovn in Figure 1.3. Test cases
are extracted from specificationstogether with test sets which arealsodefined
at specificationlevel. Then, oraclesare definedfor eachtestcaseor group of test
cases. Thesebasicallyconsistof predicatedo evaluatetest casesaccordingto test
resultstogethemwith procedure$o computeequalityon non-obserablesorts(testing
satishction).A testcorrespond$o theexecutionof asinglefunctionwhichis referred
to in thetestcase A testobligationcorrespondso the combinationof atestcasetest
data,andatestoracle. Wheneer thereis no chanceof confusion,this is referredto
simply asatest. Examplesof testsandoraclesaregiventhroughouthis thesis.

Program

Formal

Specification Test Results

Test Cases Test Oracles

Test Case
Selection

Test
Execution

Test Oracle
Design

Interpretation
of Results

Figurel.3: Formaltestingprocess.

Once oraclesare defined, it is necessaryto check whether success(failure)
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in testing detectedby an oracle means correctness(incorrectness). In this
thesis, correctnesscorrespondsto behaioural satisactionof specificationaxioms
[Bidoit andHennicler, 1996]. But the structureof specificationsalso needsto be
takeninto account. Neverthelesspnly flat specificationsare considerednitially in
orderto promotea betterandprogressie understandin@f the oracleproblem.

1.5 Outline of the Thesis

Thethesisis structuredasfollows. Chapter2 introducegheterminologyadoptedand
presentsomepreliminaryissuesegardingtestingfrom flat algebraicspecifications,
with a definition of oraclesand testsetsbased on the notion of behaioural
satisection. A correctnesgheoremis also introduced as a variation of the
fundamentatheoremof testinggivenby [GoodenouglandGerhart,1973.

Chapters3, 4 and 5 are the kernel of this thesis. Chapter3 introduceshe
foundationalesultsof thethesiswhich consistof a solutionto the oracleproblemfor
flat specificationsvherevaluesof non-obserablesortsare comparedy oneof two
approximateequalities,accordingto the contect in which the equationoccurswithin
theaxiom. Theinterpretatiorof the oracledoesnotmake assumptionsntestsetsand
depend®n how theseequalitiesapproximateéhebehaioural equalityandalsoonthe
useof quantifiers.

Chapter4 dealswith the oracle problem for testing from structuredalgebraic
specifications.Specification-hilding operationantroduceadditionalcomplications
to this problem.For instanceanimplementatiorof hiddensortsis requiredto check
axiomscomposedf hiddenand visible symbols. Also, translationsof signatures
do not alwaysrespectestingsatisaction. Furthermorepunion of specificationsnay
requiretestsetsto coincide. A framework for testingin this context anda thorough
discussionof the problemswhich can arisetogether with proposed solutions is
presented.

Chapter 5 investigatesthe use of normalisationfor testing from structured
specifications.The intentionis to computea related,possiblysimpler, specification,
namelythe normalform, and use it to test wheneer testingfrom the original
specificationis too complex or the oracleproblemarises. Threenormal forms are
presented.

Finally, Chapter6 givessomeconclusionsanddirectionsfor futureresearch.
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Preliminary Definitions

“We know less about the theory of testing
which we do often, than about the theory of
programproving, which we do seldomn.

J. B. Goodenough and S. L. Gerhart
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This chapterintroducesgeneralterminologyand preliminary conceptsandideas
concerningtest and oraclesfor verifying programsagainstalgebraicspecifications
expressedn first-orderogic. Theoracleproblemis generallysurweyedin thiscontext.
As ausualassumptioron algebraicspecificationprogramsaremodelledasalgebras.
Thenoraclesaredefinedbasedn a notionof behaioural satishctionof specification
axioms[Bidoit andHennicler, 1999 with testsetsdefinedat specificationlevel. A
concreteexampleis givento motivatethe definitions. Finally, a generaltheoremis
presentedo shov underwhich circumstancesuccessfutestingmeanscorrectness.

16
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2.1 Terminology

Throughouthis thesis,the readeris assumedo be familiar with generalconceptof
algebraicspecificationgWirsing, 199Q Astesiancetal., 1999. Thelanguage<AsL
[LanguageDesignGroup,200q and StandardML (SML) [Paulson,1996] are used
in the examples,but the notation shouldbe comprehensiblavithout knowledge of
thesdanguages.

In thenext subsectiondyasicconceptandnotationsof algebraicspecificatiorare
briefly summariseclongwith a quick survey on CAsL andSML.

2.1.1 Algebraic Concepts

Let X = (S F) bea signaturewith sorts(>~) = SandopngX) = F andlet T3(X) be
theZ-termalgebrawhereX is an Siindexedsetof countablyinfinite setsof variables.
For ary two X-termst andt’ of the samesort,t =t’ is a Z-equationandfirst-order
>-formulas are built from Z-equations, logical connectves (—,A,V,=,<) and
guantifiergV,3). A Z-formulawithout freevariabless calleda Z-sentence.

A Z-algebraA consistsof an S-sortedset|A|, the carrier sets,and for eachf :
S1 X ... XS —S€ X, anoperation(f : s x ... xSy — S)a: |Alg; X ... x |Alg, = |Als.
We restrictto algebraswith noemptycarriers.

For ary ZX-algebra A and valuation a: X — |A|, there exists a unique
>-homomorphismo® : Ts(X) — A which extendsa. Thevalueoft € |Ts(X)|sin A
undera is a¥(t) € |Als, wheres€ S. If t € Ty, thatis, t is agroundz-term, thevalue
of t in Ais*(t), where” : Ts — Alis theuniquehomomorphism.

A Z-algebraA is reachabldaf andonly if for every valuea € |A|, thereexists a
termt € Ts sothat#(t) = a. Let B bea Z-algebra. ThenB is a subalgebraf A if
|B| C |A| and fg(bl,...,b,) = fa(by,...,by) forany f:sx...xsy —se€ X and
b1 € [Bls;,---,bn € |Bls,-

Let 0 : 2’ — X be a signaturemorphism. This extendsto translateX’-termsto
>-termsandZ’-formulasto Z-formulas. The reductof a Z-algebraA by o is written
Alg. If 0:% — X is aninclusion, then Als» may be usedinstead. Considerthe
following pushoutin the category of signatures:
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Forary >;-algebraA; and>;-algebraA; suchthatAq|q, = As|q,, thereexistsaunique
>/-algebrad’/ suchthatA’|0/l =A andA’|0/2 = A, (AmalgamatiorLemma).

Let SP = (%, @) beaflat specificationwhere® is a setof Z-sentences;alledthe
axiomsof SP. ThenSg(SP) = Z denotedhe signatureof SP, Alg(%) the classof alll
>-algebrasandMod(SP) theclassof Z-algebrasvhich satisfiegtheaxiomsof SP, that
is,Mod(SP) = {Ac Alg(Z) | A= pfor all pc ®}.

2.1.2 CAsL

CasL [LanguageDesignGroup,200Q Semantic$sroup,1999 is an algebraic
specification languagedesignedby CoFl, the CommonFramevork Initiative for
algebraicspecificatioranddevelopmenibf software. This is intended asa common
languagefor formal specificationof functionalrequirementand modularsoftware
design. The mainfeaturesnclude mary-sortedbasicspecificationglenotingclasses
of mary-sortedpatrtial first-orderalgebraswhere functions are partial or total and
predicatesreallowed. First-orderaxioms arebuilt from equationsand definedness
assertions. Subsortedbasicspecificationsrealsoprovided. Structuredspecifications
canbebuilt by translation, reduction, union, extension of specificationsand also
generic specification with instantiation involving parametefitting translations
also known as views. Architecturalspecificationgandspecificatioribrariesarealso
partof thelanguage.

In this thesis, CAsSL is used to corveniently present flat and structured
specificationsn theexamples For thesale of simplicity, only asubsebf thelanguage
is consideredby excluding features like subtyping, generic and architectural
specificationsvhichareoutof thescopeof thethesis.For thetheoreticalevelopment,
asimplesubsebf ASL [Wirsing, 1990 SannellaandTarlecki, 1997 will beused(see
Sectiord.4). ThecorrespondencieetweenCAsL andthis subseis obvious,although
spellingit outwould betedious.
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2.1.3 SML

Standard ML (SML) [Paulson, 1996 Milner etal.,1997 is an applicatve

(functional)programminganguagenvhich consistof a corelanguagdor small-scale
programmingandamodulelanguagédor large-scalgorogramming.Thecorelanguage
is a higherorderproceduralanguagewith anapplicatve subsetanda sophisticated,
strongandsafetype system. The modulesystemprovides powerful and compatible
facilitiesfor building large software systems.Coherentollectionsof definitionscan

be groupedin modulescalledstructures Parameterisedtructureswvhich take other

structuresas agumentare called functors. Finally, signatues are definedin order

to hide somedeclarationswhich are interestingonly for implementingthe major

definitions.

Throughoutthis thesis,SML is usedto illustrate oracledefinitionsfrom CAsL
specifications.In this case,we considerstructuresas algebrasand boolean-alued
functions as predicates. Since oraclesare decisionproceduresijt is interestingto
illustrate how canthey be definedat programminglevel and SML seemsto be a
naturalchoicehere.

2.2 TestOracles: An Examplein SML

In this section,automatedracles are definedin SML for testingSML programs
againstCAsL specificationdasedon satisactionof axioms.

Different definitions of oraclesand test setscan be found in the literature on
specification-basetksting, depending on particular notations and formalisms
[Richardsoretal., 1992 Gaudel, 1995, Murray etal., 1998]. However, it is largely
accepted that formal specifications, in particular specification axioms, are
fundamentato the designof testsfor programverification[Sommerville,1995.

Oraclesarealsousually definedaccordingto the testprocedureconsidered.For
instance,in standardtesting, oraclesusually receve three piecesof informationto
interprettestresults: 1) inputsto the program,2) outputsproducedby the program
and3) tamget outputsthat shouldhave beenproduced.ltem 1) is necessaryf oracles
areusedto drive thetest,whichin this casecorrespondso runningthe programand
checkingwhetherthe outputsare“acceptable’accordingto thetargetoutputs.

When testing programsagainstformal specificationstestsand oraclesmustbe
preciselyplannedrom themin orderto reachsimilar conclusiongo theonesobtained
by formal proofs regarding correctnessr even partial correctnesgBernot,1991].
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Therefore,the generaltesting proceduremay be different from the standardone.
Ratherthan executing operationswith test setsand checkingwhetherthe outputs
producedmatchthe tamget outputs predefined, this involves checking whether
specificationsaxioms hold in programs for given test sets [Gaudel,1995,
Le Gall andArnould, 1996 Machado,1999. In thiscasetargetoutputsareimplicitly

encodedn the axiomsandtheremay be mary acceptabldarget outputsfor a given
input. Oraclesarepredicatesvhich evaluate axioms accordingto test resultsand
testsexercisethe requiredindividual functionsin the program. This is basedon the
standardnotion of satisaction of Z-formulas[Wirsing, 1990]. Example2.1 below

illustratesthis idea. Throughoultthis thesis,oraclesdefinedin SML arealsotest
drivers,thatis, they areresponsibldor conductingthe necessaryests.

Example 2.1 (Stack Oracle) Considerthe following STACK specificationin CASL
with theusualsorts,operationandaxioms.The elementsn the stackareintegers.

spec STACK =
INT
then

sort Stad;

ops empty: Stad;
push : Int x Stak — Stad;
pop : Stak —?Stad;
top : Stak —?Int;

pred is_empty: Stad;

vars n : Int;
s : Stak

« top(pushn,s)) = n
« pop(pushn,s)) = s
« is_emptyempty

« —is_emptypushn,s))

end

An oraclefor the STACK specificationcan be definedin SML asa function,
st ack_o, which computeghe conjunctionof its axiomsaccordingto a testsetand
an implementationof STACK [Mikk, 1995 McDonaldetal.,1997. Thest ack_o
function is definedinside a functor, STACK.O, in order to allow different
implementationgstructures)f STACK to be testedusingthe sameoracle. The test
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setconsistof alist of stacksandallist of integerswhich arerecevedasargumentby
theoraclefunction.

functor STACK O (S : STACK)
sig
(* oracle *)
val stack o : S.Stack list * int |ist -> bool;
(* equality on Stack *)
val == : S.Stack * S. Stack -> bool;
end =
struct
open S;

infix ==;
fun s == s’ =
if is_enpty(s) andalso is_enpty(s’) then true
else if is_enpty(s) orelse is_enpty(s’) then fal se
el se top(s) = top(s’) andal so pop(s) == pop(s’);

fun stack o (Is,In) =
o forall Is (fn s =>o_forall In (fn n =>
(top(push(n,s)) = n) andal so
(pop(push(n,s)) == s) andal so
(is_enpty(enpty) = true) andal so

(not (is_enmpty(push(n,s)) = true))));
end;

Noticethatanexplicit definitionof equalityon Stad is requiredin orderto make
the oraclefunction executable.This is givenby “==" in the functor STACK_O. The
reasonis that Stak is a non-obserable sort, that is, it is not identified with any
particularconcretaepresentatiorBesidesit is notappropriate¢o simply assumehat
equalityonvaluesof Stadk is theusualliteral one.Ontheotherhand,Int is takenasan
obsenablesortcorrespondingo the pre-definedypei nt in SML whoseequalityis
assumedo be correctlyimplementedFinally, thefunctiono_f or al | recevesalist
of values|as,ay...,a,], abooleanfunctionW: 'a — bool andimplementsthe
universalquantifierasa generaliseaconjunction,W(a;) A W(az) A... AW(an), with
onetermfor every possiblevalueof the boundvariable.

fun o _forall [] pred = true |
o_forall (x::xs) pred =
(pred x) andalso o_forall xs pred,;
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The existentialquantifiercanalsobe easilydefinedin SML following the sameidea
asageneralisedlisjunction.

fun o_exists [] pred = fal se |
o_exists (x::xs) pred =
(pred x) orelse o_exists xs pred;

The oracledefinedin Example2.1 relies on the fact that in orderto formally
verify a program,axiomsare checled insteadof individual functions. Obviously,
one could also have definedan oracle function for eachaxiom. Unlike automated
proofs,automatearaclescheckaxiomsby runningimplementationsf functionsfor a
givensetof values.Thismakeit possibleto performervironmentdependenthecking
of programs,wherenot only the codeis checled, but alsoits executionin a given
ernvironmentwhich may not be completelydependableDespitethe oracleproblem,
oraclescanbe conceptuallysimplerandeasietto build thanproofs.

In Example2.1, the equality function “==" is not defined in the STACK
specification. This is an instanceof the equality problemwhich brings aboutthe
oracle problem in otherto make stack_o a well-formedand executableSML
function, it is necessaryto define “==" in STACK_.O, but such a procedure
cannot always be properly given. Moreover, due to the V quantifier successn
testingmeansorrectnessnly if thetestsetchosens equivalentto theexhaustve (in
this caseinfinite) testset. This is namedherethe quantifierproblem

Finally, it is easyto checkthatt op(enpty) andpop(enpty) will never be
consideredsincenothingis saidaboutthemin the STACK specification. Thus,one
may chooseo testalsofrom moreconcreteversionsof STACK in orderto coverthese
testcasegMachado,1999.

2.3 Behavioural Equality

Equality on valuesof a Z-algebraA canbe interpretedby an indistinguishability
relation— behavioual equality— a partial Z-congruencexa, wherexx is denotedby
afamily ~a = (~as)scs Of partial equivalencerelations— symmetricandtransitive
relations—which arecompatiblewith Z, thatis, Vf : s1...5 — s€ F, Va;, b € A,
if & ~ag bi forall 1 <i <n,thenfa(ay,...,an) ~as fa(bs,...,bn). A behaioural
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equality= is total if all relationsarealsoreflexive. The definitiondomainof ~a is
givenasthealgebraof valuesin therelation:Dom(~a) = {a | a~a a}.

Let ObsC Sbeadistinguishedsetof obsenablesorts. The partial obsenational
equality ~opsa= (~obsas)ses IS @ specialcaseof the partial behaioural equality
whererelatedelementsarethose which cannot be distinguished by obsenrable
computations.Let Cops be the setof all Z-contets Tz (X U {zs}) of obsenablesorts
with contet variablezs of sorts. Thenvaluesa andb of a non-obserable sort s
areobsenationally equal,a ~opsa b, if andonly if a,be #(Ts) and VC € Cops
Vo X —#(Ts)-o%(C) = af(C), where#(Ts) isthesmallessubalgebraf A generated
by Z, 0a,0p : XU {2z} — #(Ts) arethe uniqueextensionsof a definedby a,(z) = a
anda,(zs) = b. Clearly Dom(~opsa) = #(Ts). Thisis thecasewherethesetof input
sortslnis emptyin [Bidoit andHennicler, 199 whichis enoughfor the purpose®f
thisthesis.If Aisreachable then=opga is atotal obsenationalequality

Let C C Cops be an arbitrary setof obsenable contexts. A contetual equality
~c.A is definedasfollows. Valuesa andb arecontectually equalw.r.t C if andonly
if a,b € #(Ts) andvC € C-Va : X — #(Tx) - 0(C) = af(C). Obviously, if € = Cops,
then~ - A = ~opsa. Eventhough~ .  is afamily of partialequivalencerelations,it
is not necessarilya partial congruence.But, the definition domain Dom(~¢ ) =
{a€ Ala~caa} coincideswith #(Ts) aswell.

A Z-behavioual equality is a family ~ = (~a)acaigz) Of behaioural
equalities, one for each Z-algebra A. Likewise, ~ops= (zobsA)AeA,g(z) is a
Z-observational equality and ~¢ = (~ca)acaigz) IS a Z-contetual equality
[Bidoit andHennicler, 1996]. WhenA is olvious,the subscripof ~ will beomitted
for the sale of simplicity. Sincethe relationsin ~ are compatiblewith X, they are
reflexive on valuesof groundterms thatis, #(Ts) € Dom(=p).

Lemma2.2 Lett € T5(X) bea Z-termanda : X — Dom(=a) bea valuation. Then
a¥(t) € Dom(~p).

Proof. We needto shav that o(t) ~a a(t). By inductionon the structureof t.
Lett = f(ty,...,tq) 1 S X ... X S — st By inductionhypothesisp®(ty)...a%(t,) €
Dom(=2p). Thus,as~ is compatiblewith =, o (f (ty,...,tn)) ~a 0#(f(ty,...,ty)). O

We assumehatprogramsmodelledasalgebrasareequippedwith a behaioural
equality so that equality is interpretedaccordingto this behaioural equality rather

IThebasecaseis whenthereareno subtermsthatis, n = 0.
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thanby the standardset-theoreticabquality For the sale of simplicity and due
to the definitionof the partial obsenational equality given in this section, where
#(Ts) = Dom(=~opsa), Weassumethat #(Tsz) = Dom(=p) in thegeneratase Partial
congruencesre considerednsofar astestingis heavily dependenbn the existence
of executableprogramswhich do have junk values. For example,supposesetsare
representeaslists, but only lists without repetitionare reachable.Then, lists with

repetitionsarenever used.Thereforejt is betternot restrictto total congruenceand
therebyreachablealgebras.

Behavioural satishction of a Z-formula by a >-algebrafor a given family ~ is

definedasfollows, where= is usedto interpretequality and valuationshave their
rangein Dom(=2). Thisis thenotionof correctnessonsideredhroughouthis thesis.

Definition 2.3 (Behavioural Satisfaction) Let ~ be a sighatue and ~ bea
>-behavioual equality LetA bea >-algebraanda : X — Dom(~a) bea valuation.
Thebehavioual satisfactiorrelationdenoteddy =~ is definedasfollows.

1. Aja =~ t =t if andonlyif a%(t) ~a a¥(t');
2. A,a =~ W if andonlyif Aja =~ @ doesnothold;
3. Ao =~ W1 A2 if andonlyif bothA a =~ Y1 andA a =~ Y2 hold,;

4. A0 =~ ¥x:s-Pif andonlyif A a[x+— V| =~ Y holdsfor all ve Dom(~a).
whee a[x — V] denoteghevaluationa supesededat x by v.

For the sale of simplicity, the connectvesV, =, < andthe existentialquantifier
J areleft out of the definitionabove. But they canalwaysbe definedin termsof the
onespresentedherein the usualway, for example, 1 vV Yz = (=1 A =2).

If Aja =~ @forall a: X — Dom(=xa), thenA =~ @. If Aja =~ @for all € @,
thenA o =~ @, whered is a setof Z-formulas.When@is a Z-sentenceA, o =~ @
coincideswith A/ =~ @, for ary valuations a : X — Dom(=zp) and B: X —
Dom(=a). Therefore A =~ @is written withouta.

Theclassof algebraghatbehaiourally satisfya specification SP = (3, @) w.r.t.
aX-behaioural equality~ is definedasMod. (SP) = {A € Alg(Z) | A E~ P}.
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2.4 Axiomatising the Observational Equality

It is always possibleand straightforward to find an infinite axiomatisation of an
obsenationalequality ~ops inducedby a setObs of obsenable sorts,althoughit is
not alwayspossiblefor the generalkcaseof behaioural equality

In thesequelwe presente@ methodwhich coversgeneracaseswhereaninfinite
axiomatisatiorof the obsenationalequality canalways be replacedby a finite one,
andalsospecialcasesvheresomeintuition may berequired. This method,givenby
[Bidoit andHennicler, 1996],aimsto find afinite axiomatisatiorof theobsenational
equalityto usein constructingoehaioural proofsof theorems.They focuson using
first orderlogic to “prove” the behaioural validity of first-orderformulas. For the
sale of simplicity, we consideronly total obsenationalequalitieshere,althoughthe
methodcoverspartial obsenationalequalitiesaswell. Also, we omit sometechnical
detailsfrom the original presentation.

Let £(2) £ SU{~s s stses be a signature where ~s is a predicatedefining
equalitybetweentwo termsof sorts asanexplicit denotatiorof ~s. For arny Z-algebra
A, let L(A) bethe L(X)-algebrasatisfyingthe propertythatit is the uniqueextension
of A definedby L(A)|s &' A andfor anyse S NSL(A) “ ~ps. If @is aX-sentence,
L(@) is obtainedby substituting' ~” for “=" in ¢. From[Bidoit andHennicler, 1994,
A=~ @if andonly if L(A) = L(@).

Lets = (S,F) andZ; betwo signaturesvith = C 31,2 andlet = E L(Z)uZy. Let
W = (Ps)ses bean S-sortedfamily of arbitrary>;-formulas,andassumehateachys
hasexactly two freevariables xs andys. Let AXL[P] = AgcsVXs, Vs - [Ws < Xs ~s Vs
be a ££-sentence.Then, for ary Z;-algebraA, the £{-algebrag L[Y](A) is called
the axiomaticlifting of A inducedby W, where AL[Y](A)|z, = Aand AL[P](A) =
AXL[Y]. Thefamily @ is anaxiomatisatiorof the Z-behaioural equalityif, for ary
Z;-algebraA, AL[Y|(A)|.z) = L(Alz). ThenA =~ @if andonly if AL[Y](A) =
L(9).

Let SP = (X, d) be a specification. The methodgiven belov leadsto a finite
axiomatisatiorof the Z-obsenationalequalityfor all non-obserablesortsof SP.

1. Define L(Z), which includesa ~s functionfor eachnon-obserablesorts and
substitutesvs for the standardequalityin all axioms.

2. Selectanarbitraryset C of obsenable contets from = where C C Cops such

2A larger signatureX; is consideredto define axiomatisationsof the Z-behaioural equality
with hidden part.
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thatfor any s € Obs thetrivial contet zs € C is included,whereCppsis the set
of obsenablecontexts.

3. If C isinfinite, definean adequatdinite axiomatisation with hidden part
(HID,HBeh, where:

e HID is a specificatiorwith finite axiomsplus reachabilityconstraintg of
theform (X, Ry, Py ), with Z C X . Basically thisspecificatiorincludes
hiddenfunctionsandsortswhich areusedo expressafinite setof contexts
basedn C.

e Beh= (Behy(Xs, ¥s))scs is anS-sortedfamily of finite Xy -formulas,where
Xs andys aretheonly freevariablesdefinedasfollows:

def

Beh(x,ys) = A\ War(C)-ClxJ =Cly

CeCu(s)

where (y is anarbitrarysubseif obsenable contexts built from hidden
functionsymbolsin 2\~ andVar(C) is the setof freevariablesof C.

If C isfinite, aswe areonly consideringotal obsenationalequalitiesa hidden
partis notnecessanandthenH|D canbechoseras(Z, 0,0) andBehasafinite
family of Z-formulasBeh; definedasfollows.

Beh(x,ys) = A\ War(C)-ClxJ =Clyg]
CeC(9)

4. ConstructAXL[Beh.

5. At this point, we needto checkwhetherthe axiomatisatiorprovided by Behis
in factanaxiomatisatiorof ~ppsW.r.t. SP. Therearetwo possiblecases:

(a) If HID is empty checkwhethertheaxiomatisations acongruencethatis,
SP and (L(Z),AXL[Belj) = CONG5, whereCONG5 = A¢cr CONGY
with f i s;...5y — s€ F, andCONG? is definedasfollows:

3A reachabilityconstrainbverasignatures = (S,F) isapair R = (S, Fg ), whereSg C S Fg CF
andfor ary function f € F¢ with arity s; ... s, — sthesortsbelongsto Si . A Z-algebraA satisfies®.
if for ary se S¢ andary a € A, thereexistsa constructotermt € (Tg )s andavaluationa : X — A
suchthatlq(t) = a, whereX’ = (X{)scs with X{ = Xs if s€ S\Sg andX{ =0if s€ S.
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def

CONGY = VXLYl cS1, e Xy Yn s S
(A1<i<nXi ~g ¥i) = F(X1,..., %) ~s F(y1,...,¥n)

(b) If HID is notempty checkwhether:

i. (SPandHID) revealX = SP (HID is a conserative extensionof
P);
i. SPandHID and (£, AXL[Beh) = CONGg;

iii. Behhasto coincidewith the contextual equalityinducedby (.

From CONGS', a booleanfunction canbe devisedto checkwhetherBehis a
Z-congruence.

6. Somesimplificationscanbeappliedto CONGy':
(@) If Cisgeneratedy >’ = (S F’) with F' C F, CONG} canbeleft outfor
all f e F/;
(b) If f hasonly obserablesortsasargumentsCONG? canbeleft out;

(c) In the premisesy; ~s yi canbeleft outfor all 5 € Obs And theny; can
bereplacedy x; in theconclusion.

(d) ~gcanbereplacedoy = in theconclusionjf s€ Obs

This method is based on the following theorem (Theorem 7.7 in
[Bidoit andHennicler, 1996]).

Theorem 2.4 Behis afinitary axiomatizatiorwith hiddenpart of theZ-observational
equality=ops With respecto SP if andonly if thefollowing conditionsare satisfied:

1. (SPandHID) reveal Z = SP (HID is a conservativextensionof SP);

2. For any>y-algebra Ay € Mod(SP and HID), AL[Bel(A4) = CONG;, that
is, SP and HID and (Zf,AXL[Bel) = CONG5;

3. Thee existsa (possiblyinfinite) set C C Cops Of Observablez-contexts which
contains,for any observablesort s € Obs,thetrivial contet z;, and sud that,
for anysy-algebra Ay € Mod(SPandHID), AL[Bel(Ay) = AL[Belf](Ay),
whee Belf istheaxiomatisatiorof thecontectual equality~ -, thatis, Behhas
to coincidewith the contextual equalityinducedby (.
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In thesequelthefollowing commentsarepertinent:

e Forall Z-sentencey:

SP =~ ¢ if andonly if (SPand HID and (Z, AXL[BeH)) = L ()

e Thechoiceof anadequatsubsei’ of obsenablecontetsin step2 mayrequire
some intuition and knowledgeaboutthe equalitiesunderconsideration.In
additionto thetrivial contexts, it canbe enoughto consider‘crucial” contexts
of theform f(Xq, ..., Xk—1,Zg, Xk4-1, - - - ¥n), With TS X ... X S0 X S X Seqp X
...X Sy —s€ F, se Obsands, € S\Obs Bidoit andHenniclerarguethatwhen
the crucial contets areneitherenoughnor optimal, they would atleastprovide
agoodhint aboutwhatsetof contects shouldbe selected.

e In practice,thetrivial contets canbe omittedin C asthey would not leadto
ary -formulain Beh eventhoughfrom a theoreticalpoint of view they must
beincludedto guaranteghat~opsa = ~ ¢ A.

2.5 Behavioural Oracles

Sincetestingdemandsoraclesto be executableand finite procedurespehaioural
satishctionof Z-formulas(Definition 2.3), wherequantifiersrangesover Dom(=a),
is not a suitablebasis. The definition domainis an exhaustve testset, but certainly
infinite and, consequentlynot workable. In this section, behaioural oraclesare
introduced.

2.5.1 Behavioural Testing Satisfaction

In the field of specification-basetesting, test sets are usually defined from
specificationgrather than from programs. The reasonis that the ultimate goal is
to verify propertiesstatedin the specification. Moreover, this makesit possibleto
designtestsasspecificationsrecreated.Testsetsaredefinedhereassetsof ground
terms. Thesetermsare subsequentlyranslatednto valuesin the algebraundertest.
Evidently, in practice testsetsmustbefinite.

Definition 2.5 (2-testset) T = {Ts}scs is a 2-testsetif T C |Ts|, thatis, Ts C |Ts|s
forallse S

43P =~ @if andonly if A =~ @for all A€ Mod(SP)



Chapter2 — PreliminaryDefinitions 29

Behavioural oraclesaddresghe equality problemby interpretingequality up to
behaioural equivalence. These oracles can be formally definedin termsof the
satishctionrelationgiven belov which differs from the behaioural satishction
relationin Definition 2.3, sincequantifiersrangesover testsetsin the former rather
thanDom(a2p) in thelatter.

Definition 2.6 (Behavioural Testing Satisfaction) Let Z be a signatue, T be a
>-testsetand ~ be a Z-behavioual equality Let A bea Z-algebra anda : X —
Dom(=2a) be a valuation. The behavioual testingsatisfactionrelation denotedby
=TI is definedasfollows.

1. Ao =Lt =t if andonlyif a¥(t) ~a a®(t');

~

2. A,a =L -y if andonlyif A a =L ¢ doesnothold;

3. Ao =L wi Ay, if andonlyif bothA o =1 @y andA a =1 @, hold;

4. Aja =L vx:s-gif andonlyif A afx— v] =L @ holdsfor all v e #(T)s.
whee a[x — V] denoteghevaluationa supesededat x by v.

Again,wheng@is a Z-sentenceA =1 @is writtenwithouta. If A a =L ¢for all
@€ &, thenA o =L, @, whered is asetof Z-formulas.

Despitethe oracle problem,testsbasedon behaioural oraclescanbe naturally
integratedinto formal developmentframenorks whereformal proofs are performed
for verifying somepartsof the specificatiorwhile othersarechecledby testing.If we
assume==" is interpretedup to behaioural equivalence, Example2.1 presents
a behaioural oraclewhich checks whetherspecificationaxiomsaresatisfiedby an
implementatiorof STACK andatestset,accordingo Definition 2.6.

2.5.2 Exhaustive, Valid and UnbiasedTestSets

Exhaustvetestsetswhich exerciseaprogramwith all possiblecombination®f values
areusuallyinfinite and somerefinementsnustbe appliedto make themfinite. But,
not all testsetsareinteresting,unlessthey arevalid and/orunbiasedBernot,1991,
Gaudel,1995. Unbiasedtest setsare oneswhich detectall correctprograms,but
incorrectprogramscanalsobe detectedascorrect.In otherwords,they do not cause
correctprogramdo be (erroneouslyyejected. Ontheotherhand,valid testsetsdo not
acceptincorrectprogramsput correctprogramscanberejected.Therefore anideal
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testset,which would allow correctness/incorrectnessbe preciselydetectedmust
bevalid andunbiased.

Definition 2.7 (Exhaustive, Valid and Unbiased-testsets) Let T bea Z-testset,
~ be a Z-behavioual equality and ¢ be a Z-formula. Let A be a >-algebra and
a : X — Dom(ap) bea valuation.

e T isanexhaustve Z-testset
e T isavalid Z-testsetfor A, a,~, @if andonlyif A a =L, @impliesA, a ):Lz @

e T is an unbiased>-testsetfor A a,~,@ if andonly if A a ):Lz @ implies
AaELg

Any T C Ts is unbiasedin the context of positve conditional specifications
investigatedn [Gaudel,1995 Le Gall, 1999. NeverthelessT is notalwaysunbiased
in general For example,if ¢ containsonly existentialquantifierandno negation,then
Ao =L @impliesA a ):Lz @, but the cornversemaynot hold.

Notice that the definition of valid and unbiasedalso dependson a valuationa
becausepis a Z-formulathatmay containsfree variables.For the sale of simplicity,
when@is a Z-sentencewe omit a, sayingthatT is valid/unbiasedor A =, .

Finite valid andunbiasedestsetsmaybedifficult to definein practice.lt is likely
thatonly infinite testsetsarebothvalid andunbiasedbut theseareimpractical. Thus,
in somecasesit may only be possibleto definefinite testsetswhich areeithervalid
or unbiasedIn thecontext of positive conditionalspecificationsa completdestsetis
commonlyreferredto asthe besttestsetwe candefinewhich is unbiasedandrejects
asmary incorrectprogramsaspossible[Le Gall andArnould, 1996 Le Gall, 1999].
In this case testsetselectionis basedon hypothesesvhich reducethe gapbetween
succes®f testsandthe correctnessf programgBernot,1991].

2.5.3 Correctness

Thusfar, testsetsand oraclesbasedon behaioural satisactionof axioms were
introduced. But, what can be concludedaboutthe correctnes®f programsbased
on successfutests? The oracleproblemin the contect of algebraicspecification
expressedn first-orderlogic reducedo theequalityproblem thatis, how aprocedure
for comparingvaluesof non-obserable sortscan be defined, and the quantifier
problem,thatis, how quantifierswhich demandexhaustve testsetscanbe handled.
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Undoubtedly a solutionto the oracle problem dependson how well equality and
guantifierproblemsaretackledsothatoraclescandecideuponcorrectness.

Behavioural oraclesconfrontthe equality problemby interpretingequality up to
behaioural equivalence. Regardingthe quantifierproblem,valid and unbiasedest
setsare an alternatve. Neverthelessin Definition 2.7, testsetsare exhaustve with
respecto thealgebraof groundz-terms,notthe Z-algebraA. In otherwords,testsets
are exhaustve with respectto specificationsnot programs. Therefore,behaioural
satishctionof specificationdy programdor eitherexhaustve or valid andunbiased
testsetsis only guaranteedf Dom(~x) = #(Ts), thatis, all valuesin the relation~
are reachableby ground terms (the definition domainDom(~4) is reachable).
Correspondinglyordinary satisfctionis only guaranteedf all programvaluesare
reachabl¢Gaudel,1995.

Theoren?2.8 belon shavs under what circumstancesuccessfultest can lead
to a guaranteeof correctness.As mentionedin Section 2.3, we are assuming
Dom(~a) = #(Ts)

Theorem 2.8 (Correctness)LetT bea Z-testset,~ bea Z-behavioual equalityand
@beaX-formula.LetAbea X-algebraanda : X — Dom(xa) beavaluation.If T is
valid andunbiasedor A a, =, ¢, then

A a |=~ @if andonlyif A a =L ¢

Proof. (=) SupposeA a =~ @. Then, by Definitions 2.3 and 2.6 and because
Dom(~a) = #(Ts), Ao =2 . SinceT is unbiasedor A a,~, @ thenA a =L @.
(<) SupposeA a =L @. SinceT is valid for A a,~, @ thenA a ):LZ @. Hence,
Ad =~ Q. O

Theorem?2.8 stateghat, wheneer we have avalid andunbiasedestset,testingis
equialentto behaioural satishctionand,consequentlycanbe preciselyusedinstead
of proofsto verify whethera programP, modelledby A, conformsto a specification
SP = (X,0), thatis, A=~ @, for all g € ®. This theorem is a variation of
the fundamentaltheorem of testing given by [GoodenouglandGerhart, 1975],
consideringspecificatioraxiomsasthe criterionto be checled.

2.6 Concluding Remarks

Apartfrom basicterminology this chaptepresentautomatedaraclesn SML defined
from CAsL specificationdExample2.1). Clearly, despitethe equality problem,the
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basic procedurefor defining these oracles is straightforvard no matter how
complicatecaxiomsare ,whereaghe compleity of proofsmaygrow asspecifications
becomesnorecomple.

In orderto copewith the equality problem, behaioural oraclesare introduced
basedon behaioural satistctionof specificationaxiomsby a programfor a given
testset. Accordingto Theorem2.8, valid andunbiasedestsetsarerequiredso that
thequantifierproblemis handledanda conclusiorof correctnessanbereachedvhen
testsare successful Neverthelessfinite valid andunbiasedestsetsaswell asfinite
axiomatisation®f the behaioural equalitymay betoo difficult to definein practice,
if notimpossible.Therefore pehaioural oraclesdo notleadto a practicalsolutionto
the oracleproblem. Chapter3 in the sequelpresentsa morefeasiblesolutionto this
problembasedon approximateoracles.
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The Approximate Oracle

“The criterion which we use to test the
genuinenes®f appatent statementf fact is
the criterion of verifiability. We say that a
sentences factually significantto any given
person,if, and only if, he knowshow to verify
the propositionwhich it purportsto express—
that is, if he knowswhat observationswould
lead him, under certain conditions,to accept
the proposition as being true, or rejectit as

beingfalse”
A. J. Ayer
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This chapterpresentsa solution to the oracle problem for flat algebraic
specifications As [Bernot,1991, Gaudel, 1995 pointsout, the oracleproblemoften
reducesto the generalproblemof comparingtwo valuesof a hon-obserable sort
(equality problem). However, when both existentialand universalquantifiersare

33
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consideredhis makesthe oracleproblemmoredifficult thanin the context of positive
conditional specifications which has been investigated so far [Bernot,1991,
Gaudel, 1995 Le GallandArnould, 1994, since infinite testsetsmay be required
(quantifierproblem).Thesolution,proposedn [Machado,1999, consistsn defining
approximateoracleswith two approximatesqualitieswhich areappliedaccordingto

the context in which equationccur Quantifiersaretakeninto accountsothatthese
oraclescanbedefinedindependentlyf testsets.

3.1 The Equality Problem

The equality problemariseswhen two valuesof a non-obserable sort needto be
comparedandthe respectie equalityis not specifiedandimplemented.This makes
oraclesundecidablen general.Onesolutionto this problemis to definebehaioural
oracleswhichinterpretthis equalityup to behaioural equivalenceasdiscussedh the
previous chapter

In this section,two classicalapproacheso give an implementationof equality
for testingpurposesare reviewed. More precisely theseapproachesim to give a
procedurdor comparingvaluesof a non-observableort, sinceobservablesortsare
usually identified with the ones predefinedin programming languages.The
approachesnamely bladk-box and white-box differ fundamentallyon the level of
abstractiorat which equalityis defined. The white-boxapproachusesthe concrete
representationf sorts,whereaghe black-boxis basedon a finite axiomatisatiorof
theobsenationalequality

3.1.1 White-Box Approach

The white-boxapproachconsistsin definingequalityon valuesof a non-obserable
sorts by usinginformationabouttheinternalconcreteepresentationf s. An obvious
way of doingthis is by comparingthe component®f this representationHowever,
thisdoesnotalwaysgive theintendedequality sincedifferentinternalrepresentations
may correspondo a singlevalueat abstractevel.

In thisapproachin orderto testa >-algebraA againstSP = (X, ®), onemaydefine
aversionof A, namely L(A), which implementsequalitiesfor non-obserablesorts
accordingto the signature£ (%) in termsof the underlyingrepresentationAn oracle
Othenreceves L(Z)-algebrassamgumentinsteadof Z-algebrasThisis illustratedin
Example3.1,whereawhite-boxequalityis definedandusedby theoracleto compare
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valuesof anon-obserablesort.

Example 3.1 (White-Box Equality) Consideragainthe STACK specificationgiven
in Example2.1andsuppos®nedecidego implementhe Stadk sortin termsof Array
whichis specifiedasfollows.

spec ARRAY =
INT
then
sort Array;
ops empty : Array,
put o Int x Int x Array — Array;

retrieve : Int x Array — Int;

vars n,mv,w : Int;
a : Array
« put(n,v,put(n,w,a)) = put(n,v,a)
« =N =m = put(nv,put(mw,a)) = put(m,w,put(n,v,a))
« retrieve(n,empty = 0
« retrieve(n,put(n,v,a)) = v
« — N = m = retrieve(n, put(m,v,a)) = retrieve(n,a)

end

The implementationof STACK by ARRAY is givenasfollows. Stad is defined
asapair (Array, |nt), wherethe first is an array value for representinghe
elementof the stackandthe seconds anauxiliary pointerfor indicatingthe number
of elementsn thestack.

functor stack (A : ARRAY) : STACK =
struct
type Stack = A Array * int;
val enpty = (A enpty, 0);
fun push(n,(a,i)) = (A put(i,n,a),i+1);
fun top(a,i) Aretrieve(i-1, a);

fun pop(a,i) (a,i-1);
fun is_enpty(a,i) = (i=0);
end;

Considerthe signature L STACK andthe oraclefunctor LSTACK_O givenbelow,
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wherethe former extendsSTACK by an equality predicateand the latter checks
L STACK implementationsatherthanSTACK ones.

spec LSTACK =

STACK
then

pred eq : Stak x Stad;
end

functor LSTACK O (S : LSTACK)
sig
(* oracle *)
val oS : S . Stack list * int list -> bool;
(* white box equality on Stack *)
val == : S Stack * S.Stack -> bool;
end =
struct
open S

infix ==;
fun s == s’ = eq(s,s’);

fun o_S (Is,In) =
o forall Is (fn s =>o_forall In (fn n =>
(top(push(n,s)) = n) andal so
(pop(push(n,s)) == s) andal so
(is_enpty(enpty) = true) andal so

(not (is_enmpty(push(n,s)) =true))));
end;

Thefollowing functor| st ack is anextensionof theimplementatiorof STACK
given by the st ack functor, including an implementationof equality on valuesof
Stak (eq). Intuitively, two stacksareequalif they have thesamenumberof elements
and eachelementin a given position belov the pointeris equal to the element
occupying the samepositionin the otherstackandvice-versa. Even if therelated
array is not empty if the pointer is zero, the stack is empty Thus, for ary
stack a, eq(empty,pair(a,0)) = true.

functor |stack (A : ARRAY) : LSTACK =
struct
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type Stack = A Array * int;

(* nunbers less than an integer i *)
fun list_int O [1

| list_int i (i-1)::list_int(i-1);
fun eq((a,i),(a,i’)) =
let val |j =1list_int(i) in
(i=i") andal so
(o forall Ij (fnj =>

Aretrieve(j,a)=Aretrieve(j,a)))
end
end;

It canbe arguedthat the white-boxapproachs just a way of addingan explicit
equalityoperationto the algebraandit correspond$o addingthe operatiort‘'eq’ and
specifyingit by axiomsin SP andthenusingtheseaxiomsto derive a computable
equality In otherwords, one might encouragespecifiersto explicitly specify and
implementequality for all new sorts. Neverthelessthis is not the caseand this
solutionwould leadto overspecificationn SP which may be inappropriatepecause
the equality implementationmay only be necessanat testingtime. Notice that
specificationsand implementationsundertest may remain unchangedvhile lifted
versionsof them are constructedn orderto incorporatethe explicit definitions of
equality This avoids,for instancejntroducingbugsin theactualprograms.

The white-boxapproachrelies on concreterepresentationand mostof the time
ontheuseof intuition whereaghe black-boxapproachntroducedn the next section
looksinto amoreautomatiovay of deriving equalityfrom anabstracspecification.

3.1.2 Black-Box Approach

The black-boxapproactrelieson usinginformation provided by the abstracformal
specificationin orderto comparevaluesof anon-obserablesortby theobsenational
equality This approachwasfirst investigatedoy [Bernot,1991],[Gaudel, 1995 and
[Le GallandArnould, 1999 in thecontext of positive conditionalspecifications.

An oraclewhich interpretsequalityup to obsenational equvalence should
consider all obserable contets which is likely to lead to an infinite process.
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[Bernot,1991, Gaudel 1999 argue that someheuristicscalled “oracle hypotheses”
may be appliedin orderto reducethe numberof obsenable contexts that needto

be considered.In this case equalitycanbe erroneouslyfoundto betrue. Table3.1

belov summarisegossiblecombinationsof errorsoriginatedfrom wrong equality
interpretationgn a positive conditionalaxiom. According to line 3, incorrect
programsare liable to be acceptedwhich is not a crucial mistake sincetestingis

regardedas not suitablefor proving correctnessthat is, the completeabsenceof

errors, but for shaving the presenceof errors[Dijkstra, 1981]. In orderto avoid

rejectingcorrectprograms|[Gaudel, 1999 restrictedeststo be definedfrom positive

conditional equationswhereall preconditionsof equationsare of obsenablesorts,
whichrestrictsattentionto lines 3 and4, sincewe assumehatequalityof obsenable
sorts is directly computable.

| Premisesof ¢ | Conclusionof ¢ | o) | Consequence
1| true(error) false false(error) | Rejectcorrectprograms
2| true(error) true true Ok
3 true true (error) true (error) | Acceptincorrectprograms
4 false true (error) true Ok

Table3.1: Resultsand consequencesf erroneouslyevaluating positive conditional
axioms,whenequalityis erroneouslyfoundto betrue.

From a more practicalpoint of view, the main problemto be investigatedn the
black-boxapproachs how to turn theinfinite setof obsenablecontets into afinite
one so that axiomswith equationsof non-obserable sortsin the premisescanalso
behandledaswell asformulaemorecomplicatedhanpositive conditionalequations.
Example 3.2 below illustrates the application of the method proposedby
[Bidoit andHennicler, 1996] (Section2.4)to find sucha finite axiomatisatiorof the
obsenationalequality

Example 3.2 (Black-Box Equality) Consider the STACK specification given in
Example2.1. In this example,the methodpresentedn Section2.4 is employed to
defineequalityon Stad.

1. Firstly, we selecthefollowing subsebf obsenablecontextswhich corresponds
to thetrivial andcrucialones:

C = {top(zsaw), iIS-€mMpty(Zsack) Znt, Zoool }
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Evidently, equalityon stacksdoesnot only dependuponthe elementsatthetop

of the stacksandwhetherthe stacksare emptyor not. We mustalsoconsider
all otherelementsandtheir positionsin the stacks.Thus,thetrivial andcrucial

contextsarenotenoughto obsene valuesof Stak. At this point, we needsome
intuition to improve the definitionof C. Clearly we needto checkthe equality
of theelementsn thetop andthenapply popandcomparethe elementonthe

top againandsoon. Thus,C is aninfinite setof obsenablecontexts:

C= {top(zga),top(pop(Zsack)),top(pop(pop(Zsack))); - --}U
{is_empty(zsad), Zint, Zbool }

2. Secondlybecause” is infinite, we needto definea specificatiorwith a hidden
part called HID with additionaloperations. The intentionis to substitutean
equialentfinite setof obsenable contets, namely (i, for C, by makinguse
of auxiliary functions.

spec HID =
STACK
then
NAT
then

ops topn : Natx Stak — Int;
height : Stak — Nat,
vars X . Nat
s . Stadk;
n: Int

« topn(0,s) = top(s) A topn(sugx),s) = topn(x, pop(s))
« heightempty = 0 A height{pushn,s)) = sudheights))
end

whereNat is the usualtype of naturalnumberswith constructor9) and suc
Then ¢4 and, consequently Beh (axiomatisationof equalityon Stak) are
definedasfollows.

Ch = {topn(X, Zgax), height (Zsaxk) , Zint, Zoool }
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Behiak(s,S) = heigh(s) = heigh(s) A
Vx: Nat - topn(x,s) = topn(x,s')

3. Thirdly, thecorrespondingAXL[BeHh inducedby Behis definedasfollows.

Vs,s i stadk: height(s) = heigh(s) A
Vx: Nat-topn(x,s) =topn(x,s) < S~gak S

Let STACK.Oand LSTACK beasin Example3.1. Then,from AXL, eq is
definedin thefollowing implementatiorof L STACK.

fun list_nat zero = []
| list_nat (suc x) = x::list_nat(x);

functor Istack (S: H D : LSTACK =

struct
open S;
fun eq(s,s’) = height(s) = height(s’) andal so
let val Ix = list_nat(height(s)) in
o forall Ix (fn x =>
topn(x,s) = topn(x,s’))
end;
end;

wherel i st _nat ( x) returnsalist of naturalnumbers.Theintentionis to limit
theapplicationof t opn to the heightof the stacks.EventhoughBehis afinite
axiomatisationNat is infinite andnotall naturalnumbersareuseful,exceptthe
oneswhich pointto valueson the stacks.

4. Finally, we needto checkwhetherconditionsin item 5(b) (Section2.4)aremet,
thatis, Behis anaxiomatisatiorof ~opsgas. Condition(i) is straightforvardby
definitionof HID andcondition(iii) by definitionof topnandheight However,
to checkcondition (i) we defineCONGS  which after the simplifications
suggestedh steps6(a),6(c) and6(d) is asfollows.

vn:int;s,s :stadk: (S~gak )= (pushn,s) ~gak pushn,s)) A
(is_enmpty(s) = is_enpty(s)))

In orderto check(ii) by testing, CONG5 canbeturnedinto abooleanfunction
and corventionaltestingproceduresik e submittinga test set consisting of



Chapter3 — The ApproximateOracle 41

different pairs of valuescanbe applied. Neverthelessthis test set would
probablybe infinite and one way of reducingit is by only selectingpairs of
equalvaluesaccordingo Behsincesubmittingvalueswhich aredifferentgives
no information. O

Unlike the white-boxapproachthe black-boxapproachpresentedn this section
is a semi-automatedethodfor definingequalityon non-obserablesorts. However,
this methodcanbe difficult to employ in practice.Intuition is still requiredandextra
complicationscanbe addedto oracles. For instance,in Example3.2, an additional
setof data,possiblyinfinite, is required. In somecasesgvenif crucial contects are
sufficientandthe axiomatisations finite, dueto thefactthatthesecontexts may have
parameterstherthanthecontext variable,computingthis axiomatisatioomaydepend
oninfinite setsof dataaswill beshovn in Example3.30in Section3.6. Furthermore,
it is alsonecessaryo checkwhetherthe equalityimplementsa congruence.

3.2 Approximate Equalities

Implementingequality proceduresasedon behaioural equivalence may be too
complicatedor even impossiblein practice. The white-box approach is heavily
dependenbn intuition, while the black-box approach, even though partially
automatedgcan be arduousin practice. When neitherthe real equality nor a finite
axiomatisatiorof the obsenationalequality canbe properly given, we areleft with
the option of defining approximationsonly. Neverthelessjf theseapproximations
areappropriatelyemployed, the equality problemcanbe solved, aswe shaw in this
chapterBut, beforegoinginto moredetailsaboutthis, we definewhatanapproximate
equalityis.

Definition 3.3 (Approximate Equality) Let A be a Z-algebra. A family of binary
relation~a= (~as)scs ONAiis calledan approximatesquality.

It is reasonabléo require~a to bereflexive aswell in Definition 3.3,eventhough
this assumptioris not necessaryo the resultspresentedn this thesis. As before,a
Z-approximateequality ~= (~a)acaigz) is afamily of approximateequalities,one
for eachZz-algebraA. Theattentve reademwill noticethatcontextual equalities~ a,
introducedn Chapter2, areapproximatesqualities albeitnot behaioural equalities.
Obviously, behaioural equalitiesareapproximateequalitiesaswell.
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When comparedto the behaioural equality any approximateequality can be
classifiedassoundif all valuesthatit identifiesareindeedequal,or completeif all
equalvaluesareidentified. In general,the white-boxapproachwill producesound
equalitieswhereagheblack-boxwill producecompleteequalities.For instanceary
contectual equalityis complete.

Definition 3.4 (SoundEquality) Let A be a Z-algebra and ~ be an approximate
equalityon A. Then~p is a soundequalityif andonlyif Va,a& - (a,a € Dom(=p)) =
(a~pd = ampd).

Thecondition(a,& € Dom(~,)) is dueto thefactthat~, is apartialcongruence
andvaluesnot in Dom(~a) neednot be considered. This is not necessaryn the
definition of completeequality given below as~x is symmetricand transitve and
thena~p & impliesa,a € Dom(~p).

Definition 3.5 (CompleteEquality) LetAbeaZ-algebraand~a beanapproximate
equalityon A. Then~, is a completeequalityif andonlyif Va,a' -a~ad = a~ad.

A Z-approximateequality ~ is sound (complete) w.r.t to the Z-behaioural
equality= if for eachx-algebraA, ~a is sound(complete)w.r.t. .

Soundor completeequalities can be successfully applied instead of the
behaioural equalityin specificcontects. Thesecontets areequalityoccurrences
a Z-formulawhich might be eitherpositive or negative in thefollowing sense.

Definition 3.6 (Equality occurrences) Thesetof occurrencesOccof Z-equationgn
a first-order Z-formulais definedasfollows.

1. Ocdt =t'] = {g}

def

2. Ocd~y] = {~1-w|we Ocqy)}
3. Ocdyi AWz = {1-w| we Ocdwr)}U{2: 0| we OcqWs)}
4. Ocqu1 Vs] = {1-w| e Ocdy)} U{2-w| e Ocayy)}
5. Ocdn = Po] = {~1-0|we Ocqyn)}U{2-w| we Ocawy)}
6. Ocdys < Y] = Oc(y = Wz) UOCH W2 = i)

def

7. OcdQxy] = {1-w|we Ocqy)}, whee Q ={V,3}
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eqn = e

— +

(eqx = exp) A eq

— + +

(en = exp) A em) = eq

+ — — +

VX - ((eqq = eqp) N em) = ey
+ — — +

Figure3.1: Positve andnegative occurrencesf equations.

whee “ —" expresseghat the formulais in a negative position. An occurrencein
OcdW)] is positiveif it hasan evennumberof —1, otherwiseit is negative.

Notice that both left and right equality occurrencesn < can be positive and
negative dependingon which directionof theimplicationwe arelooking at.

Example 3.7 (Equality Occurrences)Let eqi, etp, ez and e be equations. Let
VX ((equ = ep) Aes) = eqy be aZ-formula. The occurrencesf theseequations
in this formulais computedbelow andillustratedin Figure3.7.
Ocdeqp = eqp] ={—1-¢,2-¢}
Ocd(eqp = ep) Neg| ={1-—1-¢,1-2-¢,2-¢}
Ocd((etqn = eqp) Aewg) = eqy] =
{-1-w|weOcd(eq = ep)Neg)}U{2-w|we Ocdeqy)} =
{-1-1--1-¢,-1-1-2-¢,—-1-2-e}U{2-€} O

Whentwo approximateequalitiesare appliedtogether— one sound and one
complete pnein positive andthe otherin negative occurrence®f equations— they
areenoughto sortouttheequalityproblemundercertainconditionsaswe show in the
next section.

3.3 TestingSatisfaction

Regardingbehaioural satishction,approximateoraclesdecidewhetherspecification
axiomsaresatisfiedby algebragor giventestsetsandpairsof approximateequalities.
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Theseoraclesare definedbasedon the testing satistction relation of Z-formulas
givenbelow. This relationis a generalisatiorof the standardhotion of behaioural
satishction (Definition 2.3) with equalityinterpretedby approximateequalitiesand
quantifiersrangingover giventestsets.

Definition 3.8 (Testing Satisfaction) LetZ beasignatue, T bea Z-testsetand~, =
betwo Z-approximateequalities.Let A bea Z-algebra and a : X — Dom(=2a) bea
valuation. Thetestingsatisfactiorrelation denotecdby ):Li is definedasfollows.

1. Aa =L . t=t'if andonlyif of(t) ~a a™(t');

2. Aa =1 . —Wif andonlyif A,a =L ) doesnothold;

3. Aa =l YAy if andonlyif bothAa =T . gy andA,a =T .. g2 hold;
4. Ao =0 p1 VY if andonlyif eitherA o =T . Y1 or A o =T . W2 holds;
5. Aa =1 . Y1 = Y if andonlyif A a =T, . W2 holdsif A o =L g1 holds;

6. A,a =1 . Y1 < Yz if andonlyif bothA o =1 . W1 = Yo andAa =1 . Yo =
Y1 hold;

7. Ao =L vx:s-yif andonlyif A afx— V] =L . @ holdsfor all v e #(T)s;

8. A,a =T . Ix:s-y if and only if there existsv € #(T)s sudh that A, a[x — V]
=" ~ W holds.

wheee a[x — V| denoteghe valuationa supesededat x by v. In this relation, ~ is
alwaysappliedin positivepositionsand = is alwaysappliedin negative positions.
Notethat equalitiesare reversedwhennegativepositionsare readed.

If Ao =l . oforall ge @, thenA a =1 .. @, where® is a setof Z-formulas.
Whengis a Z-sentenceA, a |:L2 @ coincideswith A, 3 ’:I,: @, for ary valuations
o andB. Thereforewe write A =T, . @ withouta.

The main resultsof this chapterregardingthe relationship between testing
satishctionandbehaioural satisactionarepresentedn the following theoremsLet
AbeaZ-algebraanda : X — Dom(=a) beavaluation.Let ~ and= beX-approximate
equalities.

Theorem 3.9 Let ~ be a completeequality = be a soundequalityand ¢ be a
>-formula. If @ containsonly positiveoccurrencesof V and negativeoccurrencesof
3, thenA, o =~ @impliesA o =] . ¢.
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Proof. Let ¢ betransformednto anequialentZ-formula¥ which is obtainedfrom
¢ by applyingthefollowing laws:

TheMorganlaws: —=(PA Q) is equivalentto -PVv —-Q and—(PV Q) is equivalent
to -PA-Q

Theconditionallaw: P = Q is equialentto =P Vv Q

The quantifiernegationlaws: —3x- P(x) is equialentto Vx- —P(x) and —Vvx-
P(x) is equivalentto 3x- —=P(x)

Thedoublenggationlaw: ——P is equialentto P

Thebi-conditionallaw: P < Q is equivalentto (P = Q) A (Q = P).

suchthatfor all sub-formula-y of W, Y is anequation.Thisremovesall occurrences
of & and=- andcorvertsnegative 3 to positve V. Sinceeachd is negative, this
removesall of them.

Theproofis conductedyy inductionon the structureof W.

(W=t =t". Supposen®(t) ~p o*(t’). Ast =t'is in positive positionand ~ is

(i)W

completetheno(t) ~a a®(t’).

= —. We needto shov thatA,a =~ - implies A a }:I_: -, thatis,
A =~ Y doesnot hold implies A, a ):LN Y doesnot hold. We prove the
contrapositie. SUpposeA, a ):;N Y. As ) is anequationt =t" and -t = t’

is alwaysin positive position,a”(t) = a#(t’). By Lemma2.2,a%(t),a%(t’) €
Dom(~a). Since= is sound,o®(t) ~a a#(t’). Thus,A a =~ .

(iiil )¥ = W1 AW2. SupposeA a =~ W1 AWy Then, by definition, Aja =~ W1 and

A,a =~ 2. By inductionhypothesisA,a =1 .. Y1 andA o =T . Y2, Thus,
A7 a |:I,72 W1 A2

(il )¥ = W1 VW2 Supposeh a =~ W1V Wy. Then,by definition, eitherA o E~ W1

or A0 =~ Yo. SupposeA a =~ Y1. By induction hypothesis A a ):Lﬁ
1. Thus,A a |=I,: W1V W2, SUpposel a =~ W,. By inductionhypothesis,
Aa =l Yo Hence Aa =1 L Wi V.
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(V)W =Vx:s- . SUppPOSEA, a =~ VX :s-P. ThenAa[x— V| =~ Y forary ve

Dom(=a). By inductionhypothesisA, a[xi— V] =T, . Y. So,A alx—v] =1 ..

W holdsfor all ve Dom(=a). But, #(T) € Dom(=a), by Definition 2.5 and
Lemma2.2. Hence A o =T . Vx:s- .

0

Theorem 3.9 is a generalisationof the resultsestablishedy [Bernot,1989
for positive conditionalspecificationswith conditionsof obsenablesorts! There,
the only negative occurrencesf equationsarein theconditions and the restriction
to obsenableequationss sothat the computational equality which is sound
and complete,can be used. The black-box equality which is completebut need
not be sound,is usedin the conclusionwhich is a positive occurrence.Finally, the
only quantifiersin conditionalequationsare universalquantifiersoutermostthatis,
in positive position. As in the contet investigatedoy Bernot, Theorem3.9, which
coversa prevalentuseof vV and 3, implies that incorrectprogramscan be accepted
by an approximateoracle, but failure in testingmeansincorrectness.On the other
hand, Theorem3.10 below, the dual of Theorem3.9, implies that correctprograms
canberejected but successn testingmeanscorrectnessNotice thatthe assumption
on quantifiersin Theorem3.9 is equialentto restrictingits applicationto universal
formulasonly.

Theorem 3.10 Let ~ be a soundequality = be a completeequality and ¢ be a
>-formula. If @ containsonly negative occurrencesof V and positiveoccurrences
of 3, thenA a =L . pimpliesA o =~ .

Proof. The proof follows the samepatternas the proof of Theorem3.9 wherea
formulaW is obtainedrom @by applyingtheruleslistedthere.Regardingquantifiers,
W hasonly positive 3.

()W =t =t". Supposen®(t) ~a a*(t’). By Lemma2.2 and because~ is sound,
a#(t) ~a a#(t).

(i)Y = Y. We needto show that A a ):Lﬁ - implies Aja =~ -, thatis,
A ):JT_&_,N  doesnot hold implies A,a =~ U doesnot hold. We prove the
contrapositie. SupposeA, a =~ Y. As Y is anequationand= is complete,
thenA o =L _ .

Theseresultsarealsopresentedn [Bernotetal., 1991 Bernot,1991, Gaudel,1993.
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(il )¥ = w1 AWz and (iv)W = Yy vV P2 Trivial asin the proof of Theorem3.9.

(V)W=3x:s . SupposeA,a = .. Ix: s . SupposeA afx — V] =1 . Y. By

inductionhypothesis A, a[x +— V] =~ W. So, thereexists v € #(T)s suchthat

A, a[x+— V] =~ Wholds.But#(T) C Dom(=2p) by Definition2.5andby Lemma
2.2.Hence A da =~ 3x:s- .

O

Example 3.11 Considerthefollowing INTLIST specificationn CAsL with theusual
sorts,operationsandaxioms.

spec INTLIST =
INT

and
NAT

then

sort List;

ops nil . List;
cons : Intx List — List;
head : List— Int;

tail . List — List;
take : Natx List — List;
len . List — Nat

concat: Listx List — List;

axiom V n:Natl,k: List
(3s:List « concatk,s) = | A len(k) = n) = take(n,l) = k

end

wheretake returnsa list containingthe first n items of alist I, concd returnsthe
concatenatiorof two lists andlen returnsthe length of a list. Apart from the one
presentecbove, axiomsareomittedfor the sale of simplicity.

Note thatit is not possibleto definean oraclefor checkingthe axiom presented
above accordingto the resultsobtainedby [Bernot,1989. There,oraclescanonly
be definedfrom positive conditional specificationswith all conditions (negatve
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positions)of obsenable sorts. The only quantifiers are universal quantifiers
outermostln theaxiomshowvn above, bothquantifiersarepresenaindconca(k,s) = |
is a non-obserable equationin a negative position. However, by Theorem3.9, an
approximateoraclecanbedefined providedthata completeanda soundequalityare
given. Theresultpresentedn Theorem3.9 leadsto similar conclusionsasthe one
presentedby Bernot,but it canbeappliedin awider context. O

From Theorems3.12and3.13belaw, if only exhaustve testsetsareconsidered,
no restrictionson quantifiersare necessary As mentionedin Section2.3, we are

assumingdom(~,) = #(Ts).

Theorem 3.12 Let ~ be a completeequality = be a soundequality and ¢ be a
>-formula. ThenA, o =~ @impliesA a |:E£ 0)

Proof. Followsthe samepatternasthe proofof Theorem3.9. O

Theorem 3.13 Let ~ be a soundequality = be a completeequality and ¢ be a
>-formula. ThenA, a ):Iﬁﬁ @impliesAa =~ o.

Proof. Followsthe samepatternasthe proofof Theorem3.10. O

Evenif soundandcompleteequalitiesaregiven,the quantifierproblemstill needs
to be handled. The following are obvious corollariesof Theorems3.9 and 3.10
respectrely.

Corollary 3.14 Let ~ be a soundand completeequalityand @ be a Z-formula. If ¢
containsonly positiveoccurrencef V andnegativeoccurrencef 3, thenA a =~ @
impliesA,a =T _ @.

Proof. FromTheorem3.9. O

Corollary 3.15 Let ~ be a soundand a completeequality and ¢ be a Z-formula.
If @ containsonly negative occurrencesof V and positiveoccurrencesof 3, then

Aa =L @impliesA a =~ @

Proof. FromTheorem3.10. O



Chapter3 — The ApproximateOracle 49

3.4 Revisiting TestSets

Eventhough,from atheoreticalpoint of view, valid and/orunbiasedestsetscansort
out the quantifierproblem(seeTheorem2.8), they impedeteststo be performedin
generalif they areinfinite. Neverthelessif they arefinite or canbe refinedtowards
finite oneswhich arevalid and/orunbiasedthenthey canleadto a solutionto the
oracleproblemwithout requiringthe assumptionsn quantifiersn Theorems3.9and
3.10.In this sectionwe look into somepropertiesof valid andunbiasedestsets.
Definition 2.7 introducesvalid andunbiasedestsetsaccordingo thebehaioural
testingsatishctionrelationgiven in Definition 2.6. This canbe easily modifiedto
considetthetestingsatisfictionrelationgivenin Definition 3.8 asfollows. Exhaustve
testsetsarerepresentedly the algebraof groundtermsasbefore.

Definition 3.16(Exhaustive, Valid and UnbiasedZ-testsets) Let T bea >-testset,
~,= betwo Z-approximateequalitiesand ¢ be a Z-formula. Let A be a Z-algebra
anda : X — Dom(~a) bea valuation.

e Ts isanexhaustve Z-testset;

e T is a valid Z-testsetfor A,a,~,=,@ if andonly if A a ):I’2 @ implies
AakE="1 g

e T is anunbiased-testsetfor A a,~,=,@if andonlyif A a ):E: @ implies
A=l

Again, for the sale of simplicity, wheng@ is a Z-sentencewe omit a, sayingthat
T is valid (unbiasedfor A, ~, =, @.

Any Z-testsetT is eithervalid or unbiasedr both, if ¢ hasa certainform. This
is expressedn Theorems3.17 and 3.18 asfollows. In the sequel,let ~,=~ betwo
>-approximateequalities Let A be Z-algebraanda : X — Dom(=a).

Theorem 3.17(Unbiased) Letgbea Z-formula. If ¢hasonly positiveV andneyative
3, thenany Z-testsetT is unbiasedor A, a, ~, =, @.

Proof. We needto shav thatA, o ):IZ,2 @impliesA, a |:Lt @. Let @ betransformed
into anequialentz-formulaW¥, asin theproofof TheorenB3.9. Regardingquantifiers,
Y hasonly positive V. Theproofis conductedy inductiononthestructureof W. The
only interestingcaseto look atis W = VX : s- ). SUPpPOSEA, O ):Iﬁt vx:s-y. Then
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A, a[Xi— V] Iﬁt y, for any v € #(Ts)s. By inductionhypothesisA, afx— V] =T .. .
Thus,becausd C Ts, by Definition2.5,A,a =1 . vx:s- . O

Theorem 3.18(Valid) Letg@bea Z-formula. If @ hasonly negativeV and positived,
thenany Z-testsetT is valid for A, ~, =, @.

Proof. We needto shawv thatA, a ):I; @ implies A a \:I{i @. The proof follows
the samepatternasthe proof of Theorem3.10whereaformulaW is obtainedfrom ¢.
Regardingquantifiers ¥ hasonly positve 3. Theonly interestingcasds W = 3x: s- .
Suppose\, a ):Li Ix:s- Y. SUppPoSE, a[x — V] ):Lﬁ Y. By inductionhypothesis,
A, a[x+— V] =2 . Thus,becausd C Ts by Definition2.5,A,a .. 3x:s-y. O

[Le GallandArnould, 1996 definesa preorderof testsetssothat T’ < T if and
only if T is more eficientthanT’, which meansthat T acceptsa smallernumberof
programsthanT’. There,becausehey focuson positive conditionalspecifications,
all testsetsare unbiasedvhich meansthatincorrectprogramsmay be acceptedout
correctprogramscannotbe rejected. Therefore the besttestsetsarethe oneswhich
accepta smaller numberof incorrectprograms. When considering first-order
specifications,;T and T’ may not be unbiased,andthenthe factthat T leads to
acceptinga smaller/biggenumberof programshanT’ doesnot meanT is “better”
thanT’. Unbiasedestsetsarelik ely to leadto the acceptancef incorrectprograms.
Ontheotherhand valid testsetsarelik ely to leadto therejectionof correctprograms.
Definition3.19below presentarelationT’ <ag,~.= T (read:T refinesT’ for A, a, ~
,=, ) accordingto whethera testingexperimentwith T is successfufor A, ~, =, ¢
implies that a testing experimentwith T’ is also successfufor A, ~, =, @, thatis,
whetherA is acceptedvhenconsideringl’ impliesthatA is acceptedvhenconsidering
T

Definition 3.19(Z-testsetspreorder) Let T and T’ be Z-testsetsand ¢ be a
s-formula. ThenT’ <pa.=oT if andonlyif Ao =l . @impliesAa =l @

T =pan~=0T ifandonlyif T <ag~=eT andT <ag~ =T’

Theorem3.20belov shows thatif assumption®n quantifiersaremade,thenthe
preorderon testsetscoincideswith subsetor supersetelations. It is easyto check
thatthis theoremdo not hold for the generalcasewheretestsetsareunbiasedvalid)
andassumptiongn quantifiersof Theorem3.17(3.18)arenot met.
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Theorem 3.20 LetT and T’ be Z-testsetssuc that T’ C T.
1. If @ hasonly positiveV andnegatived, thenT’ <agq .~ ~¢T;

2. If @hasonly negativeV andpositived, thenT <aq~~o T’

Proof. Theproofis conductedy inductiononthestructureof ¢. Theonly interesting
casesto look at are when quantifiersare involved. Let @ be transformedinto an
equvalentz-formulap asin the proof of Theorem3.9.

1. We needto shaw thatA, a =1 . W impliesA, o ):I:i W,

o W=vx:s . SupposeAa =1 . Vx:s . ThenAalxi— V] EL .y,
for ary v € #(T)s. By inductionhypothesisA, a[x+— V] =L . . Thus,
becausd’ C T,Aa =1 . vx:s- .

2. We needto show thatA, a |=T .. WimpliesA a =1 .. W.

o W=3x:s . Suppose, o =T . 3x:s- . Supposed, afxi— V] =L . .
By induction hypothesis A a[x — V] }:L: Y. Thus, becausel’ C T,
Aa =l Ixis .

0

Under the conditionsstatedin Theorem3.20, we can concludethat the bigger
an unbiasedtest setis the more accurateit is. In otherwords, this meansthat a
smallernumberof incorrectprogramsareacceptedhanwhenconsideringts subsets.
Likewise,thebiggeravalid testsetis themoreaccuratet is, thatis, asmallernumber
of correctprogramsarerejecteddhanwhenconsideringts subsets.

Testsetsthatarebothvalid andunbiasedre“equivalent”in thesensehatthey can
alwayssubstitutethe exhaustve testsetandneitherincorrectprogramsareaccepted
nor correctprogramsarerejected.

In general,oraclescan be definedwithout assumptionsn test sets, but the
converseis not alwaystrue. For instance testsetsare definedasvalid andunbiased
w.r.t. agivensatisactionrelation(seeDefinitions2.7and3.16). From Theoren3.17,
T is alwaysunbiasedn the context of Theorem3.9 due to the absenceof positive
3. Therefore,an assumptiorrequiringT to be unbiasedcanreplacethe restrictions
on quantifiers. This would make it possibleto definean oraclewhena givenaxiom
hasboth positve vV andpositve 3 andobtainthe sameconclusionsasthe onesin
Theorem3.9. As mentionedbefore,we areassumingdom(=p) =% (Ts).
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Theorem 3.21 Let ~ be a completeequality = be a soundequality and ¢ be a
>-formula.If T is unbiasedor A a,~,= @ thenA o =~ @impliesA a ):L: Q.

Proof. SupposeA a =~ ¢. By Theorem3.12,A a ):Iﬁ,; @. SinceT is unbiasedor
A,G,N,i,(p, thenA,G ):I,z (p U

Similarly, assumption®n quantifiersin Theorem3.10 can be replacedby the
validity of T asfollows.

Theorem 3.22 Let ~ be a soundequality = be a completeequality and ¢ be a
>-formula.If T is valid for A, a,~, =, @, thenA, a ):Lﬁ @impliesA, a =~ @.

Proof. SupposeA,a =1 .. @. SinceT is valid for A,a,~,=,¢, thenA,a =".. ¢
Hence by Theorem3.13,A 0 =~ @. O

Theorems3.21and 3.22 canbe seenas specialcasesof the generalcorrectness
Theorem2.8 givenin Chapter2, wheretwo approximatesqualitiesare usedinstead
of asinglebehaioural equality

3.5 Revisiting Approximate Equalities

As valid andunbiasedestsetsaredefinedin termsof a Z-algebraa valuation,a pair
of approximateequalitiesanda Z-formulain Definition 3.16,it is reasonablé¢o think
thatgivenA a, @, anumberof possiblepairsof equalitiescanmake a -testsetT be
eithervalid or unbiasedFor instancesupposep = 3x- ¢f. Dependingn the equality
proceduresppliedinsideq awitnessx mightbefoundor notamongthevaluesof T.

Definition 3.23(Valid and UnbiasedPair of Equalities) LetT bea Z-testset,~, =
be two Z-approximateequalitiesand @ be a Z-formula. Let A be a >-algebra and
a: X — Dom(zp).

e ~, = isavalid pair of equalitiesfor A,a, @, T if andonlyif A a ):I,2 @implies
AakElL g

e ~ = is anunbiasedpair of equalitiesfor A,a,@, T if andonly if A a ):Ei (0]
impliesA,a = . @
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Obviously, if ~,= is a valid pair of equalitiesfor A,a,@, T, thenT is valid for
Aa,~,= @ Also, if ~,= is aunbiasedpair of equalitiesfor A,a,@, T, thenT is
unbiasedor A, a, ~, =, .

Definition 3.23 brings out the fact that the quantifier problem may demand
equalitieswhich also make test setsbe either unbiasedor valid. For instance,the
effort to definefinite proceduregor implementingoehaioural equalitiesmaynot pay
off if T is neitherunbiasednor valid. Approximateequalitiesgive more flexibility
in dealingwith both the equality and quantifierproblemssincethey are adjustable
within theconstraint®of soundness/completenegih respecto behaioural equality
insteadof beingfixed. Thusthey canbe selectedo give valid/unbiasedestsetsas
well asgiving areasonablyaccurateapproximatiorto behaioural equality

Theorems3.24 and 3.25 below arethe counterpartof Theorems3.21and3.22,
whenvalid/unbiasegair of equalitiesareconsidered.

Theorem 3.24 Let ~ be a completeequality = be a soundequality and ¢ be a
>-formula. If ~, = is unbiasedor A ;a,@, T, thenA a =~ @impliesA a ):I_: Q.

Proof. FromTheorem3.21sinceT is unbiasedor A a, ~, =, @. O

Theorem 3.25 Let ~ be a soundequality = be a completeequality and ¢ be a
>-formula. If ~, =~ isvalid for A,a, @, T, thenA, a ):Li @impliesA,a =~ ©.

Proof. FromTheorem3.22sinceT is valid for A a,~, =, @. O

Evenif it is not possibleto give animplementatiorof behaioural equality it may
be interestingto refineapproximatesqualitiessuchthatmoreaccurataesultscanbe
achieved. However, this may affect test setsmaking them becomeeitherinvalid or
biased.A preorderon pairsof equality (~,=") <pq.@T (~,=) (read:(~,=) refines
(~',=") for A,a, @, T) is definedasfollows.

Definition 3.26(Pair of Equalities preorder) Let ~',=' and ~, = be two pairs of
>-approximateequalities,T bea Z-testsetand@bea Z-formula. LetAbea Z-algebra
and o : X — Dom(=a). Then(~/,=') <aqqer (~,=) if andonlyif Aa =l . ¢
impliesA,a =T, ., @. Also, (~,=) =p a1 (~,=) if andonlyif (~,=) <aqqT
(Na i) and (Na i) SA,G,(P,T (N/a i/)'
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Theorem3.27 Let~/, =/, ~ and= be Z-approximateequalitiessuc that ~, C ~a
and=), D =a. Then(~,=) <ag 1 (~,=).

Proof. We needto show thatA, a )ZL.&/ @ impliesA a ):I_: @. The proof follows
the samepatternasthe proof of Theorem3.9 wherea formula W is obtainedfrom (0}
by applyingtheruleslistedthere.The only interestingcasedo look atarewhenW is
anequationor the negationof anequation.

(W=t =t". Suppose®(t) ~, a*t’). Since~, C ~a, o¥(t) ~a a*(t).

(i)W = -Y. As U is an equation,we needto shov that a(t) = a*(t’) implies
a#(t) =, a¥(t'). Supposen®(t) = o*(t'). Since=/, D =, thena®(t) =
a*(t)).

O

TheorenB.27sayshatif ~' isfinerthan~ and=' is coarsethan=, thenasmaller
numberof programsmay be acceptedvhenthe pair ~’, =’ is considerednsteadof

=, This meansthatif ~’,~ arecompleteand=', =~ are sound,an oraclewould
acceptfewer incorrectprogramswhenthe pair ~/, =’ is considerednsteadof ~, =,
whereasif ~/ ~ are soundand =/, = are complete,an oracle would reject fewer
correctprogramswhenthe pair ~, = is considerednsteadof ~’,=’. Therefore,as
onewould have expectedfiner completeequalitiesandcoarseisoundequalitiesmust
be definedwheneer possible.Neverthelessthe nenv equalitiesmay not presere the
factthatT is eitherunbiasedr valid. For instancejf ~, C ~a and=, O = sothat
(~,=) <aaeT (~,=) and~',=" is unbiasedor A a,@, T, it doesnotimply that

= isalsounbiasedor A, a, ¢, T asillustratedbelow.

~', =" isunbiased T
A a ):N/ ~ AJG ’:N’,zf @

NIQN andﬁlgﬁ N/g/'\./ andilgﬁ

T is ~, = is unbiased?
AdkEz.o Aak=l_.o

The answeris likely to be no. For instanceconsiderp = 3x: s- ). Theremight
be a withessv € Ty whereby althoughA, a ): i @ is not satisfied,A, a ):N ~ @
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holds,but v mightnotbein T. Thus,A, a ):Li ¢ doesnot hold. Likewise,consider

~p 2 ~p and=) C =p sothat(~',=") <pqeT (~,=).

T ~', =" is unbiased T
A,G ):,\,2/72/ (p A,G }:~/7g’ (p

NIQN andﬁ/gﬁ NIQN andi/gi

T is ~,= is unbiased? T
A,G ):Nzc () A,G |:~7£ ()

Again the answeris likely to be no. For instanceconsidergp= 3x: s- ). There
mightbeawitnessv € T suchthatA, a |:L72, @ butA a =L . pdoesnothold.

In summary it may not be appropriateto refine approximateequalitiestowards
behaiouralequalitiessincetestsetsmaytherebybecomebiasedor invalid. However,
from Theorem3.17,if ¢ hasonly positive V andnegative 9, T is unbiasedor ary
A ~,=. Also, from Theorem3.18,if @ hasonly negativeV andpositve 3, T is valid
for any A, ~,=. In moregenerakasesvherequantifieran bothpositve andnegative
positionsare presentone may needto ponderon the benefitsof eitherhaving valid
and/orunbiasedestsetsor closerapproximationgo behaioural equality unlessit is
possibleto achiese bothof them.

3.6 Grey-BoxApproach

Resultsobtainedfrom Sections3.3 to 3.5 (seeFigure 3.2) shav how the equality
problem can be sortedout by using two approximateequalitiesand also how the
quantifierproblemcanbe handled. In this section,a way of applyingtheseresults
is proposednamelythe grey-box approach.

The grey-box approactcombineshe white-boxandblack-boxapproachn order
to define an approximateoracle with testsperformedaccordingto Definition 3.8,
wherethewhite-boxapproachs usedo produceasoundequality~ andtheblack-box
approachs usedto producea completeequality= from a finite subsebf obsenable
contexts. Thereasorfor definingtwo equalitiesis thateachone canbe successfully
appliedin contexts wherethe other might not be, accordingto Theorems3.9 and
3.10 and their variants. A combinationof white-box and black-boxtechniquego
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~ conplete = sound A ):z Q
(~,=) unbiased
Thm.(3.24)

~ sound= complete

~ conplete = sound (~,=) valid
T unbiased Thm.(3.25)
Thm.(3.21)

~ sound= conplete

~ conplete = sound T valid
+vV —3 Thm.(3.22)
Thm.(3.9)

~ sound= complete
-V +3

Ao kT Zo Thm.(3.10)

Figure3.2: Approximateoracleandcorrectness.

sort out the equality problemcan also be found in [DoongandFrankl, 1994,
Chenetal., 1998.

Equalitiesdefinedfrom a subsebf the setof all obsenablecontexts — contetual
equalities— are always completew.r.t. obsenationalequality Thus, the black-box
approacttanbeusedto find anaxiomatisatiorover the crucial contexts? (seeSection
2.4). The equalityinducedby thesecontexts eithercoincideswith the obsenational
equalityor is acompleteapproximatesquality

Proposition3.28 Let C C Cops The contetual equality~ A is complete

Proof. Dom(=~opsa) = Dom(~¢ a). Obviously, ~opsa € ~ ¢ A. O

Soundand complete equalities approximate the behaioural equality from
oppositedirections(~ C ~ C =). Wheneer the black-boxequalityis completebut
notsoundit is reasonabléo defineasoundequalityby usingthewhite-boxapproach.
Structuralequalitiesbasedn the equalityof the valuesof the concreteepresentation
of asorts, eventhoughnotalwayscomplete arealwayssound.However, asstructural
equalitiesare essentiallywhite-box, it is more cornvenientto formalisethemin the

2f(xl...st...xn),with fis1...%...sn—s €F,se Obsands € S\ Obs
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moreconcretdevel of programmingdanguagesvheredatatypesanbedefinedrather
thanin the level of algebraswhich are basicallycomposedf valuesandfunctions.
Soundequalitiescanbe definedin a numberof ways, possiblyrelying on intuition.

The most simple and straightforward soundequality is the set-theoetical equality
which is a reflexive relationwherea equalsa’ if andonly if a,a denotethe same
value.

Proposition 3.29 Theset-theoetical equalityis sound.

Thecloserto abehaioural equalityanapproximatesqualityis, the moreeffective
a testingexperimentis regardingthe detectionof correctness(see Section 3.5).
However, it is alsovital to considertestsetswhenrefining approximatesqualitiesas
discussedn Section3.5. In practice,an obviousway of moving towardssoundness,
is to add new predicatedo a equality axiomatisationusingthe A connecte. This
canmake the equalityrelatea smallernumberof valuesthanbefore. Corversely in
orderto move towardscompletenesspew predicatesan be appendedisingthe v
connectve. This canmake theequalityrelatesa greatemumberof valuesthanbefore.
But, obviously, thereis alwaysarisk of losingcompleteness/soundnegsirthermore,
giventhatvalid and/orunbiasedestsetsareinfinite, thereis norecipeto find subsets
which arealsovalid and/orunbiasedHowever, finite supersetsanbe moreeffective
(seeTheorem3.20).

Thegrey-box approacktanbe appliedwith thefollowing purposes.

(i) Attempt to detectincorr ectnesswithout rejecting correctprograms.  This is
basedon Theorems3.9,3.12,3.21and3.24andconsistdn applyingthe sound
equalityin negative occurrence®f equationsandthe completeequalityin the
positive ones.

(i) Attempt to detectcorrectnesswithout acceptingincorrectprograms. Thisis
basedon Theorems3.10, 3.13, 3.22 and 3.25 and consistsin applying the
completeequalityin negative occurrence®f equationsandthe soundequality
in thepositive ones.

Dependingon the alternatve chosendifferentconclusionsaboutcorrectnesand
incorrectnesscan be achieved. Whenever testingis not successfulin (i) we can
concludethatthe programis incorrect.However, it is easyto checkthatthe corverse
doesnot hold: if testingis successfulve cannotconcludethatthe programis correct.
On the other hand, whenever testingis successfuin (ii) we can concludethat the
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programis correct,but onceagainthe corversedoesnot hold, thatis, if testingis not
successfulye cannotconcludethe programis incorrect.

Approach(i) is the classicaloneto testingwhereasapproacH(ii) is aninnovation
in testingtheoryandpractice: detectingcorrectnessWheneer the premisesf one
of Theorems3.9, 3.12, 3.21 or 3.24 and of its respectie dual are satisfiedso that
equalitiescanbeappliedin bothpositve andnegative positions thenbothapproaches
(i) and (i) canbe tried in orderto achieve a higher degree of confidencein the
interpretationgiven by the oracle. For instancejf thetestfails in approach(ii) and,
thereafterin (i), the programis incorrectwhile if it succeedsn approach(i)and,
thereatfterin (ii), thenthe programis correct.

Example3.30below concludeghis chaptemy illustratingthe grey-box approach
appliedto a specificatiorof the unificationalgorithm.

Example 3.30(Unification)  Unification, which plays a central role in
theorem-pruing, is the processof finding a commoninstanceof two expressions,
andif suchaninstanceexists,thealgorithmproducesa substitutionthat yields that
instance. The unification specification presentedhere is modelled on the one
presentedin [MannaandWaldinger 1981].

Firstly, anspecificatiorof expressionsnamelyEX PRESSION, is givenasfollows.
An expressioncan be a constant,a variable or a function applicationto a list of
expressions. The FUNCTION, VAR and CONST specifications model functions,
variablesandconstantsespectiely.

spec FUNCTION =
NAT

and
STRING

then

sort function

ops declae : Stringx Nat— function
arity : function— Nat;

vars n : String
I : Nat

o arity(declae(n,i)) =i

end
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spec VAR =

CHAR
with

sort Char — variable
end

spec CONST =

CHAR
with

sort Char — constant
end

spec Exp =
sort expression

end

spec EXPRESSION =
FuNcTION and
ConsT and
List [ExPfit sort Elem+— expressionand
FINITESET [VAR fit sort Elem— variablg

then
ops mkc . constant— expression
mk.v . variable— expression
mk f : functionx List[expression — expression

variables : expression— FinSetvariable;
variablesl| : List[expression — FinSefvariable;

preds is_valid : expression
is_validl : List[expression;

vars c : constant
v : variable
f : function
e . expression
| : List[expression
« is.valid(mkc(c))
o is_valid(mkv(v))
o isvalid(mkf(f,l)) < # = arity(f) A is_validl(l)
« is.validl(nil)

59
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« is.validi(e::l) < is.valid(e) A is_validl(l)

« variablegmkc(c)) = {}

« variablegmkv(v)) = sefv)

« variablegmkf(f,l)) = variablesll)

« variables(nil) = {}

« variablesle::l) = (variablege)) union (variablesll))

hide
variablesl|is_validl
end

whereLIST[ELEM] andFINITESET[ELEM] aregenericspecification®f setsandlists
respectrely with the usualoperations. An expressionis valid when functionsare
appliedto the correctnumberof aguments.

Substitutionis an operationthat replacesspecificvariablesof an expressionby
otherexpressions. The SUBSTITUTION specification is presentedbelov as an
extensionof EXPRESSION.

spec SUBSTITUTION =
EXPRESSION
then

sort substitution
ops empty : substitution

dom . substitution— FinSefvariable;

rng . substitution— FinSefvariable;

adds : variablex expressionx substitution— substitution
apply . expressionx substitution— expression

applyl : List[expression x substitution— List[expression;

compose: substitutionx substitution— substitution

vars x : variable
e . expression
S : substitution

o domempty = {} A rng(empty = {}

« - (xelemOfdom(s)) A — (e = mkv(x)) =
dom(add s(x,e,s)) = (sefx)) union(dom(s)) A
rng(add-s(x,e,s)) = (variablege)) union(rng(s))
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vars ¢ : constant

X,y : variable

f : function

e . expression

s,S : substitution

| : List[expression

« applyieempty = e

« apply(imkc(c),s) = mkc(c)

« applymkv(x),add.s(x,es)) = e

« = (X=1y) = apply(mkv(y),adds(x,e,s)) = apply(mkv(y),s)
o apply(mkf(f,l),s) = mkf(f,applyl(l,s))

« applyl(nil,s) = nil

- applylie::l,s) = (apply(es)) :: (applyll,s))
- apply(e,composgs,s)) = apply(applye,s),s)

vars s,5,5” : substitution

« COmposés,empty = S A composéemptys) = s

« composécomposés,s),s’) = composés,composés’, s’))
hide

applyl
end

wherethe secondaxiom saysthatif x is notin dom(s) ande is anexpressiordistinct
from mk.v(x), thentheresultof addingthe replacemente for x” to the substitutions
is alsoa substitutionadd_s(x, e, s) suchthatthe conditionsshovedtherehold.

The UNIFICATION specificationis given as follows as an extension of the
SUBSTITUTION specification.

spec UNIFICATION =
SUBSTITUTION
then

op unify : expressionx expression— substitution

preds is_moregenerl : substitutionx substitution
is_.idempotent : substitution
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axiom V e, € : expressione
(3's: substitution. apply(e,s) = apply(€,s)) =

apply(e,unify(e,€)) = apply(€, unify(e,&)) A
(V ¢ : substitutione

apply(e,s) = apply€,s) =
is_-moregeneal(unify(e,€),s)) A
is_idempotentunify(e, €))
axiom V s, s : substitutione
is_-moregenerl(s,s) <
(3 r : substitutione S = composés,r))
axiom V s: substitutione
is_idempotents) < dom(s) intersectionrng(s) = {}
hide
iIs_-moregenerl,is_idempotent
end

Let constant variable and functionbe obsenable sorts. An oraclefor the unify
axiom (first axiom in UNIFICATION) needsto computeequality on expression
Supposehat expressionis a non-obserable sort. The black-boxapproachis not
appropriateto directly define an obsenational equality on expression because
its crucial contexts (is_valid(Zep),vars(zep)) arenot descriptve enoughandthen
hiddenfunctionsmustbe added. Thus, the grey-box approachseemso be a better
choice. It is easyto seethat the unify axiom hasonly positve V and negative .
Then,basedon approachi) (presentedn this section)andTheorem3.9, we definea
completeequalityonexpressiongfor positive positionsusingtheblack-boxapproach
and a soundequality (for negative positions)using the white-box approach. This
indicatesthat only incorrectnessof the implementation can be detected. An
implementationof the lift of EXPRESSION is given as follows, where equality on
expressions implementedy eqs whichis clearlya structuralsoundequality

signature LExpression =
sig

i ncl ude Expression;

val eqs : expression * expression -> bool;
end;

functor LExpression (structure function : Function
structure const : Const
structure var : Var )
sig
i ncl ude LExpression
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sharing F = function and C = const and V = var
end =
struct

dat at ype expression =
nmk_c of C. constant |
nk_v of V.variable |
nmk_f of F.function * (expression |ist)
fun egs (nmk_c(c),nk _c(c’)) =c '
| eqs (mk_v(v),mk_v(v')) =
| eqs (nmk_f(f,l1),nmk f(f',1")) =
f = f' andalso egsl (I,1")
| egs (e,e’) = fal se
and egsl ([],[]) = true
| eqgsl(e::1,e ::1") = eqgs(e,e’) andal so eqgsl(I,1")
| egsl(l,1’) = false

1N o

V1

< 1l

end

For sale of clarity, thedefinitionsofi s_val i d,vari abl es andvari abl esl
areomittedin the presentatiorabove. Obviously, differentimplementation®f eqs
may be definedfrom differentimplementation®f expr essi on.

A completeequality defined from the finite set of crucial contets of
expr essi on is givenasfollows.

Ve € -eqde €) = (is.valid(e) = is_valid (€')) A (vars(e) = vars(€))

Finally, an oraclefor the unificationaxiom canbe definedasa booleanfunction,
where,accordingto Theorem3.9, t r ue meansundefined asthe programmay be
eithercorrector incorrect,andf al se meansincorrect This function,uni fy o, is
asfollows, wherel e andl s arelists of expressionsand substitutionsrespectrely
which constitutethe testset.

fun unify o (le,ls) =
o forall le (fn e => o_forall le (fn e =>

o exists Is (fn s =>

egs(apply(e,s), apply(e',s))) inplies
( (eqc(apply(e,unify(e,e")),apply(e ,unify(e, e"))))
andal so
(o forall Is (fn s =>
eqs(apply(e,s’), apply(e’,s’)) inplies

is_noregeneral (unify(e,e’),s’)))
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andal so
is_idenpotent(unify(e,e’)) ) ))

Now, considethow anoraclefor theotheraxiomsof UNIFICATION canbedefined.
In this case,it is necessaryo comparevaluesof substitution in order to check
the axioms. Let substitution and expression be non-obserable sorts (see
the end of the section for the case where expression is obsenable). The
crucial contets on substitutionaredom(zsyps ), rMNg(Zsups ), iIs-Moregenerl(zsyps, S),
is_moregenerl(s,zsyps) and is.idempotentzgpg). However, it is clear that
substitutionsreequalif they producethesameresultwhenappliedto all expressions.
As expressionis a hon-obserable sort, apply cannotbe usedas a crucial context.
Thus,asthe setof crucial contets is not enoughto constructa soundandcomplete
equality thegrey-box approactseemso be a betterchoiceagain.

Considetthe axiomwhich specifiegheis_moregenerl operation.Thisaxiomcan
be corvertedto the following two by expandings.

(W] Vs, S : subgitution.
is_-moregenerl(s,s') = (3 r:subsitution.s = composes,r))

[p] Vs, s : subsitution.
(3r : subsitution. s = composés,r)) = is_moregeneral(s,s)

Herewe have a positive occurrencef V anda positve anda negative occurrence
of 3 andthenneitherTheorem3.9nor 3.10is applicablefor both andp. Whenever
guantifiedformulas occur as one side of iff predicatesthesetheoremscannotbe
appliedin both directionsof the bi-conditional. The directionwhich doesnot meet
the premiseof the theorembeingconsiderednustbe discarded.lt is easyto check
thatfrom the standardnterpretatiorof A andTheorem3.9,A=L YUAPp =A< p=
AEL.p, but A=< g = AL __ g maynothold unlessT is unbiaseddueto the
positive 3 (seeTheorem3.21). When consideringTheorem3.10, dual conclusions
canbereached.

If () isaddedotheSuUBSTITUTION oracle thencorrectprogramsanberejected
andincorrectprogramsanbe acceptedtthe sametime. Thereasorfor thisis thatif
is_moregenerl(s,s’) happenso betrue,thenthetestsetmusthave awitnessr in order
to avoid rejectingacorrectprogramwhichin generarequiresitherafinite exhaustve
or an unbiasedestset. In caseis_.moregenerl(s,s’) = falseanda witnessr canbe
foundin thetestset,thenincorrectprogramsanbeacceptedHence only p is added
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to theis_moregeneal oracle,implying thatincorrectprogramscanbe acceptedv.r.t.
asimplified UNIFICATION specificationwithout (). This reflectsthe limitations of
testingwhich is aimedat detectingthe presenceof errors,but often not all of them
canbe detected.From Theorem3.9, a soundequality canbe usedto computes =
CONMpPOSES, ).

In summaryit is only possibleto checky if eitheranunbiasedestsetor unbiased
pair of equalitiesis givensothat Theorems3.21and3.24 canbe applied. It is easy
to checkthatif the completeequalityacceptsall valuesin the definition domainas
equal,ary testsetfor (U) is unbiased.Eventually by varyingthe completeequality
onemightbecapableof comingup with afinite andunbiasedestset,eventhoughall
of themseento beinfinite.

Finally, supposeexpressionis an obsenable sort. Thenthe black-boxapproach
seemso beagoodchoiceasapply(e, zs ps) canbeaddedo thesetof crucialcontexts.
After employing theblack-boxmethodpresentedh Section2.4,asoundandcomplete
equalityon substitutioncanbe definedasfollows.

Vs, s -eq(s,s) = Ve- (apply(es) = apply(e,s))

However, notice that, even thoughthe set of obsenable contexts is finite, an
infinite setof expressiongs requiredto computethis equality Hence,the grey-box
approactseemdo be a betterchoiceagain,sinceconsideringa finite andfeasibleset
of expressionswill leadto a completeequality definition. Again, Theorem3.9 can
helpin interpretingtestresultsasit doesnot requirethis equalityto be a congruence
relation. O

3.7 Concluding Remarks

The oracleproblemin the context of algebraicspecificationsexpressedn first-order
logic reducesto the general problem of finding an equality procedure for
non-obserablesorts— the equalityproblem— andhow to dealwith quantifiers.This
chapterintroducesa solutionto this problemandan approacho definingdecidable
oracles,the grey-box approach. First, two classicalapproachegor handling the
equalityproblemarereviewed. Thewhite-boxapproachrelies on defining equality
on the valuesof a sort by looking at its internal representation.This approachis
basednthefactthattheresultof comparingwo valuesmaydependntheparticular
implementation. Although it is quite feasible,this approachmay demandintuition
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and additionalinformation not presentin the abstractspecification. The black-box
approachis concernedwith defining an obserational equality and unlike the
white-boxapproacht hasa methodwhich coversmostof the usualcasesand may
requirea minimum of intuition. Neverthelesswhenthe “crucial” contets are not
descriptve enoughthe methodcanbe difficult to beappliedin practice(seeExample
3.2)andevenif thesecontects aresufficient, infinite setsof datamayberequired(see
Example3.30).

In the grey-box approacha soundanda complete approximate equality are
constructeadvhich areascloseaspossibleor evenequalto the behaioural equality
The syntacticposition of quantifiersin axioms are taken into accountin orderto
decidein which contets theseequalitiesare applied. Approximateequalitiesneed
not be congruenceelationsandapproximateoraclescanbe definedindependentlyf
testsets. This approacHeadsto similar levels of confidenceasthe onepresentedn
[Gaudel,1999, but it canbeappliedin awider context.
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Testingfrom Structur ed Specifications

“The design of testsfor softwae and other
engineeed productscan be as challengingas
theinitial designof the productitself’
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This chapterinvestigateshe oracleproblemin the context of structuredalgebraic
specifications.As we have seenfor flat specificationsthis problemreducedo the
equalityandquantifierproblem.However, whenfocusingonstructuredspecifications,
which are composedof a numberof specificationswith different signatures this
problemcanbe harder Thereasons thatthis structuremustbetakeninto accountn
orderto make senseof axiomsanddefinethe necessaryeststo be performed. Two
stylesof testingareintroducedandcontrastedn orderto tacklethe oracleproblem:
flat testingandstructuredtesting[Machado,2000. Underwhich circumstancegest
resultsfrom bothstylesindicatebehaioural satishctionandvice-versais lookedinto

67
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carefully, alsoinstantiatingo thespecificcaseof obsenationalsatishiction.Examples
arepresentedo clarify themainideasandresults.

4.1 The Oracle Problem

Whentestingfrom a structuredspecificationjt is necessaryo think of its structure,
eventhoughthis structures notreflectedn its models.This is dueto thefactthatthe

semanticof specificationss givenin a compositionalway [Bidoit etal., 1999, that

is, the signatureandclassof modelsof a specificatioraredeterminedaccordingo the

resultof applying specification-hilding operationsto its constituentspecifications.
Amongobstacleghatcanbe encountereavhentestingfrom structuredspecifications
are:

1. Any sort can be introducedand/or referredto by operationsand axiomsin
differentspecificationsn the structure.This suggestshatafamily of equalities
onthissort,with oneequalityfor eachsignaturen thestructuremaybeneeded.
In otherwords, it may be necessaryo dealwith the equality problemfor the
samesortunderdifferent,but relatedcircumstances.

2. Hiddenaxiomscomposedf hidden and visible (exported) symbols may
describeimportantpropertiesof operations. But, hidden symbols are not
necessarilymplementedn the programundertest.

3. Itisreasonabléo think thatparticulartestsetsfor agivensortshouldbedefined
separatelyfor somesignaturesor groupsof axioms. In otherwords, it may be
beneficiato handlethequantifierproblemdifferentlyaccordingo thesignature
underconsideratiorat the point wherethe quantifierappearsEvenif atestset
is finite, it may be impracticalto testcertainfunctionsbasedon this test set,
particularlythe morecomplex andtime-consumingpnes.

Thereforethe oracleproblemfor structuredspecificationgseducego the problem
of how to dealwith the equalityandquantifierproblemswvhendifferentsignaturesand
specification-bilding operationsn the structureare involved and also how hidden
definitionscanbe appropriatelytackled. Points1 to 3 listed above aredevelopedin
Example4.1belov andthroughouthis chapter

Example 4.1 (Unification continued Look oncemoreattheunificationspecification
in Example3.30. FUNCTION, EXPRESSION, SUBSTITUTION andUNIFICATION are
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structuredspecificationsconstructedby specification-bilding operationslike and,
then andhide, which combinestwo specificationsextendsa specificationandhide
symbolsin a specificatiorrespectrely [LanguageDesignGroup,2000].

Notethatthe substitutionsortis introducedn SUBSTITUTION andincrementedn
UNIFICATION in thesensdhatnew predicateswhich arealsoobsenrersoverthissort,
areadded.Supposexpressionis non-obserableandlet eqcbe a completeequality
on substitutiondefinedin the scopeof the SUBSTITUTION specificationfrom the set
of all crucialcontexts of obsenablesorts.

Vs, -eqds,s) = (dom(s) = dom(s)) A (rng(s) =rng(s))

Let UNIFICATION-H be the UNIFICATION specificationwithout the outermost
hide. Since the is_moregeneill and is_.idempotent predicatesare substitution
obsenrers,they can be usedto define a completeequality EQC, in the scopeof
the UNIFICATION-H specification,differing from eqc by the following additional
predicates:

(is.idempatert(s) < is_.idenpatert(s)) A
(Vr -is_-moregenenrl (s, r) < is_-moregeneial (s,r)) A
(Vr -is_moregeneal(r, s) < is_-moregenerl(r,s))

This extendedequalitycanbe consideredor testingfrom anunstructuredrersion
of UNIFICATION which basicallycompriseghe axioms. The questionposedhereis
whetherEQC canbeusedto computeequalityfor all axiomsin away thattestresults
canbe interpretedin termsof correctness.Obviously, eqcis coarserthan EQC. In
fact, EQC may not be comparableo ary finite contextual equality on substitution
definedin the scopeof SUBSTITUTION. As will be shawvn in this chapteyin order
to checkall axiomsof a specificationusinga single equality this equalityhasto be
part of a “compatible” family of equalities,one for eachsignaturein the structure
of the specificationwherecompatiblemeanghatthe equalitiesmustbe comparable
in the sightof operationdik e hide andthen, which may hide/addobsererson sorts
respectrely. The reasonis that suchtestfrom an unstructuredset of axiomsdoes
not make ary senseif it is not possibleto expressit in termsof subtestdor each
subspecificationn the structure, since the semantics of these operations is
compositional.

Concerningpoint 2 above,asmentionedhere hiddendefinitionsmayimpedethe
checkingof interestingaxioms.In Example3.30,applylis hiddenin SUBSTITUTION,
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which meanghatthis operationis not necessarilymplementedn the programunder
test. However, apply, which is an exportedoperation,is mainly definedby axioms
in termsof applyl. Therefore,this operationcanonly be suitably tested if an
implementatiorof applylis provided. Givenapply, it is easyto defineapplyl, but it
maybemuchmorecomplicatedo give animplementatiorof is_.moregeneal, defined
in the UNIFICATION specification.

Regardingtestsets(point 3 above), axioms in UNIFICATION may be more
effectively checled if particulartest setsare considered. For instance,in orderto
checkthe unify axiom, test sets may needto include selectedpairs of unifiable
expressions.On the other hand,axiomsin EXPRESSION and SUBSTITUTION may
demandestsetscomposedf differentandeven randomexpressions.The question
broughtup hereis whetheraxiomscanbe associateavith differenttestsetswithout
raisingthe oracleproblem. More specifically if a singletestsetis to be computed
from themin orderto checkall axioms,thenwhat propertiesshouldthesetestsets
have in orderto allow testresultsto be interpretedin termsof the semanticsof the
specificatior? O

In the sequel,we usethe namestructured testingto refer to the style of testing
which takesthe structureof the specificationnto accountin orderto testwhetheran
algebrasatisfiesit. In this case,differenttestsmay be necessaryor differentparts
of the specification.On the otherhand,flat testingchecksan algebraagainsta flat
versionof the specificationthatis, an unstructuredsetof visible axiomsg computed
from theoriginal specificationln thiscaseasinglesetof testsneedgo beperformed.

Many advantagesrisefrom performingstructuredestingratherthanflat testing.
For instancemoreaccurategesultscanbeachieved,insofar asthereis moreflexibility
to defineapproximatesqualitiesand appropriatelytackle hiddendefinitions. In this
chapter it is shovn how oraclesand test sets can be defined from structured
specificationcomposedf specification-hilding operationgik e union translateand
hide [Wirsing, 1990 Hennicler, 1997, Bidoit etal.,1999. The oracle problemis
dealtwith in this contet, comparingtestingresultswith behaioural satishctionand
consideringheinstantiatiorto thespecificcaseof obsenationalsatistction. Whether
structuredestingcoincideswith flat testingis alsodiscussed.

Lvisible axiomsare composedf visible symbolsonly. Note that hiddensymbolsneednot be
implementedandexportedby the programundertest.



Chapterd — Testingfrom StructuredSpecifications 71

4.2 Family of Equalities

As the aim is to dealwith structuredspecificationswherethe signatureof different
partsof thespecificatiormaybedifferent,in thesequelet ~ = (x5 )scggn beafamily
of Z-behaioural equalities,one for eachsignaturez, whereSgn is the cateyory of
signatures.A Z-behaioural equalityis definedasbefore~ss = (~s a)acaigiz), ON€
partial congruenceelation for eachalgebraA. Wheneer Z is obvious, = is used
without subscriptto denotexs. When A is also obvious, ~ and ~s are usedto
denotexs a. Likewise,let ~ = (~5)scggn and= = (=5)scggn denotefamilies of
>-approximatezqualities. The family ~ is complete(sound) w.r.t = if andonly if v
> € Sgn, ~5 is complete(sound)w.r.t. ~s.

Thereductof a Z-approximateequality~s by themorphismo : £’ — X considers
only therelationsof sortsmappedrom %'.

Definition 4.2(Reduct) (~x)|oc = ((~za)lo)acaigs) is the reduct of ~5 by

0.2 — X, whee (~5a)lo = ((~5.A)a(s)) scSorts(s)

Concerningsignature morphismsand reducts, families of equalities can be
compatibleyeduction-compatiblandtranslation-compatiblasfollows.

Definition 4.3 (Compatible) Thefamily ~ is compatiblewith signatue morphisms
in Signif forall 0: 2’ — > andall Z-algebrasA, ~5 5, = (~s.a)lo-

Proposition4.4 The family of literal set-theoetical equality = on valuesofan
algebra is compatible

Definition 4.5 (Reduction-Compatible) Thefamily ~ is reduction-compatiblevith
signatue morphismsin Sgn if for all 0 : ¥ — 3 and all Z-algebras A, ~3 Ay 2

(~zA)lo-

In otherwords, ~ is reduction-compatibleif for all o, for all A, for all
se Sorts(Y'), forall v,V € Alg, V (~z.A)g(s) V impliesv ~sr a1 s V.

Proposition4.6 Let ObqZX) be the set of observablesorts of a signatue . If
vZ,Z' € Sgn-Vo: ' — Z-0(0ObgY’)) CObgZ), then the family (x5 opgs))sesgn
of Z-observationakqualitiesis reduction-compatible
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In orderto stateProposition4.6 abore, we assumea fixed assignment of
obsenable sortsto eachsignature. The assumption®f this propositionseemto be
ratherstrongbecausef the quantificationover all signaturemorphisms.In practice,
oneonly needdo worry abouttheonesthatactuallyoccurin thespecificatiorathand,
andthenthe conditionthatobsenablesortsarepreseredis quite natural.

It is easyto checkthatthefamily of Z-obsenationalequalitiegyivenin Proposition
4.6is not compatible.Suppose : ¥’ — 3 is aninclusion. In this case,~ may have
more obserersthan’. Thus, (*5 obgs))|loc May be finer than~y opgs), thatis,

(~s5.0b53))l0 € ~5/ 0bgs7), bUL (5 0pgs))lo 2 X5/ 0bgs!)-

Definition 4.7 (Translation-Compatible) The family ~ is translation-compatible
with signatue morphismsn Sgnif for all 0 : 2’ — > andall Z-algebrasA, ~5 a, €

(~zA)lo-

In other words, ~ is translation-compatibléf for all o, for all A, for all s
Sorts(2'), for all v,V € Alg, V ~51 pjg.s V IMpliesv (~z a)g(s) V-

In the sequellet Z = (SF) andY’ = (S,F’) be signatures.Let o : 2’ — X be
a signaturemorphism. Let X’ = (X})gecg be an S-indexed setof variables. Then
let X = (Xs)ses be an Sindexed setof variablessuchthat Xs = (¢ Xg for each
s€ S2 Themorphismo givesriseto atranslationof '-termsin Ts/(X’) to Z-termsin
Ts(X) andZ'-formulasto Z-formulas. If t’ € Ts/(X’), thena(t’) € Tz(X) is obtained
by replacingeachsymbol f in t’ by o( f).

Proposition4.8 Let A be a Z-algebra and o : X — Dom(~sa) anda’: X' —
Dom(~;s a)|c be valuationssud that ¥s' € S;x € X - ag (X) = 0g(g)(X). For any
t € Te/(X'), a(t) = a#(a(t)). In particular, if t € Ts/, #(t) = #(a(t)).

Translationsof 2'-formulasandZ’-testsetsonly presere the testingsatisfiction
relationundercertainconditionson the families of equalitiesbeingconsidered.Let
T’ bea'-testsetandq beaX'-formula.

Theorem4.9 Let A be a X-algebra and a: X — Dom(~sa) anda’: X' —
Dom(~s a)lc be valuationssudh that Vs' € S;x € X§ - 0y (X) = Og(g)(X). If ~ is
reduction-compatibland= is translation-compatiblghenA, a ):2(;22 o(¢@) implies
T’
Aoo EL . @
24 is thedisjointunion.
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Proof. Let ¢ betransformednto anequialentZ-formulaW asin Theorem3.9such
thatfor eachsub-formula— of W, Y is anequation.This removesall occurrencesf
< and=-. We proceedby inductionon the structureof W.

(YW=t =t Supposa®(o(t)) ~s a¥(a(t’)). Asa”(a(t)) coincideswith a’(t) and

(ihHw

a*(o(t')) coincideswith a’(t") by Propositior4.8 andbecause- is reduction
compatiblethatis, ~5r o, 2 (~z.a)la, thena#(t) ~s a™(t).

= —. We needto showv that A;a ):ig/) —(o(y)) implies Alg,a’ ):I'z,;z,
. T/
-\, thatis, A a ):f’_t(z’l (a(y)) doesnotholdlmpllesA|o, a’ ):Tz, ~y W does
not hold. We shov the contrapositie. Supposé|q,a’ _z, g - As |y is an
equatiort = t’ and= is translation-compatibleghatis, =5 o; € (=5 a)|s, and
» o(T")
by Propositiord.8,thenA, a = .. o().

(il )¥ = Y1 APz and (iv)W = Yy vV P2 Trivial asin the proof of Theorem3.9.

T T
(V)W =V¥x:s- Y. Suppose\ a )=S(L£)z o(Vx:s-y). ThenA a[x V| ):i(z )z o(y)

forany ve #(o (T’)) By inductionhypothesisA|g, o'[x— V] =L, = W. So,
Alg,d'x—=V =L, . Y forallve ( (T))s. By Proposition4.8, #(a(T’))
coincideswith #(T ). Thus,Alg,a’ VX :s- .

Nl—zl

(Vi)W = Ix: s- Y. Similarto item (v).

Theorem4.10 Let A be a Z-algebra and a: X — Dom(~sa) anda’: X' —
Dom(~;s a)|c be valuationssud that Vs’ € S;x € Xg - ag(X) = agg)(X). If ~ is

translation-compatibleand = is reduction-compatible then Alg,a’ ):Tz“ ~ [of
ST o(T)

impliesA, o =2, -, o(¢).

Proof. Similarto the proofof Theoreny.9. O

Obviously, if ~ and= arecompatiblethe implication holdsin both directions,

thatis, translationgpresere thetestingsatishctionrelation.

Corollary 4.11 Let A be a Z-algebra and a: X — Dom=sa) anda’: X' —
Dom(~s a)|c bevaluationssud thatVs' € S;x € Xg - ag(X) = Og(g)(X). If ~ and=
are compatiblethenA a ):‘L(;i_lz o(¢) if andonlyif Alg,a’ ):I'z,_:z, ¢.
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Proof. Directly from Theoremgt.9and4.10. O

Finally, asonemay suspecttranslationsof ’-formulasand’-testsetspresere
the behaioural satishctionrelationif the family of behaioural equalities is
compatible.

Theorem4.12 Let A be a X-algebra and a: X — Dom(~sa) anda’: X' —
Dom(~;s a)|c be valuationssuc that Vs’ € S;x € X§ - 0y (X) = 0g(g)(X). If = is
compatible then A a =, o(¢) if andonlyif Alg,a’ =~ @.

Proof. Followsfrom Definition4.3andPropositior4.8. O

4.3 BasicSpecificationswith TestinglInterface

With regard to specification-basedesting, test sets are usually defined in
terms of specificationconceptsrather than programgqStepneg, 1995 Donat,1997,
Le Gall, 1999. Providing testsetsin the specificationnterfacemeanghatthey can
beuniformly andmoreeffectively definedasspecificationarecreated.This makesit
possibleto deliver programswith the necessaryoolsfor checkingthem. Motivations
for this comealsofrom the notion of delivermbles [BurstallandMckinna,1992],
which consistof a programtogetherwith a proof of correctness.For testing, the
intentionis thatfor eachprogram,an oracle,definedfrom specificationaxiomsand
givenfamilies of equalities, together with specific test sets, can be provided.
Specificationswith test setsare called specificationswith testinginterface Basic
specificationgvith testinginterfacearedefinedasfollows.

Definition 4.13(Basic Specification) LetX = (S F) beasignatue, T bea X-testset
and @ be a setof Z-sentencesA basic(flat) specificationwith testinginterfaceis
definedasfollows.

Syntax: SP= (2, ®,T)
Semantics:

e Sg(SP)=2
o Teg(SP)=T
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o Moo (SP) = {AcAlg(Z) | AEx; ®}
° ChMOdN’J_x(SP) ={AcAlg(Z) | A ):Iz,ﬁz ®}

whereMod.. (SP) denotesheclassof realmodelsof SP w.r.t. a Z-behavioual equality
~s= (~5.A)acaigz) andChMod. ~(SP) denotesthe class of checkablemodels
of SP by testing wrt. the Z-approximate equalities ~5 = (~za)acalgz)s
=35 = (=3.A)acAlgz) andthe Z-testsetT. Behavioual satisfactionis choseninstead
of standad satisfactionfor definingthe classof real models.

The following theoremsshonv somesituationsin which a real model A is also
a checkablemodel andvice-versa. Essentially they are consequencesf the main
resultsobtainedin Chapter3 for flat specificationsn Theorems3.9, 3.10,3.21and
3.22.

Theorem4.14 Let SP = (2, ®, T) be a basic specification. If ~5 is a complete
equality =5 is a soundequality andfor all ¢ € ®, @ hasonly positiveoccurrencesof
V andnegativeoccurrencesf 3, thenA € Mod..(SP) impliesA € ChMod.. ~ (SP).

Proof. Show thatA =~ @impliesA ):I’2 @for all e ®. By Theorem3.9. O

Theorem4.14 coversa commonuseof V and 3 whereby as one might expect,
incorrectprogramscan be acceptedy testingsatistction, whereasTheorem4.15
below, thedualof Theorem4.14,coversacasewherecorrectprogramsanberejected
by testing,but succes#n testingguaranteesorrectness.

Theorem4.15 LetSP = (2, ®, T) bea basicspecificationlf ~5 is a soundequality
=5 isacompleteequality andfor all ¢ € ®, @ hasonly negativeoccurrencesofV and
positiveoccurrencesof 3, thenA € ChMod.. ~(SP) impliesA € Mod..(SP).

Proof. By Theorem3.10. O

The conditionson Theorem4.15 meanthatit is rarely applicable. Furthermore,
asmentionedbefore,assumption®n quantifierscanalwaysbe droppedin Theorem
4.14if T is unbiasedandin Theoremd4.15if T is valid (seeSection3.4).

Theorem4.16 Let SP = (X, ®,T) be a basic specification. If ~5 is a complete
equality =5 is a soundequalityandfor all g € ®@, T is unbiasedor A, ~, =, @, then
A € Mod.(SP) impliesA € ChMod.. ~(SP).



Chapterd — Testingfrom StructuredSpecifications 76

Proof. By Theorem3.21. O

Theorem4.17 LetSP = (2, ®, T) bea basicspecificationIf ~5 is a soundequality
=5 is a completeequality and for all @ € ®, T is valid for Aj~, = @, thenA €
ChMod. ~(SP) impliesA € Mod.(SP).

Proof. By Theorem3.22. O

4.4 Structur ed Specificationswith TestingInterface

The following definition presents some specification-hilding operations
[Wirsing, 1990 Hennicler, 1997] for creatingstructuredspecificationswith testing
interface.

Definition 4.18(Structured Specification)

P = (L,D,T) |
SPLUSP, |
translate SP’ with o |
hide sorts S opns F’ in S’

whee (Z,®,T) is a basic specification, S, SP; and SP, are structued
specificationsvith Sg(SP;) = Sg(SP.), 0 is a signatue morphism, S is a setof
sortsand F’ is a setof functiondeclamtions.

The setof operationschosenabove correspond¢o a small set of primitive
operationswvhich enableindividual problemsfound when testing from structured
specificationgo be analysedn isolation. Theseoperationscanbe combinedn order
to definemore complex andinterestingonesfound in the literature[Wirsing, 1990,
Hennicler, 1997], like enrichmentand arbitrary union or sum of specifications.
However, asonemight expect,new problemsdo not arisefrom thesecombinations.
This explainswhy they arenotincludedin Definition4.18.

Leto: Y — Z beaninclusion.Enrichmentyepresentetly then in CAsSL, canbe
definedin termsof translateandunion
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SP’ then sorts Sopns F axioms @ test set T =
(Z,®,T) U translate S’ with o

where SP' is a structuredspecification,S is a set of sorts, F is a set of function
declarations¥ = Sg(SP") U(SF), T is a Z-testsetand @ is a setof Z-sentences.
The arbitraryunion of specificationswith possiblydifferentsignaturesrepresented
by and in CAsSL, canbeexpresseds:

SP; and SP E translate SP; with 01 U translate SP, with 02

whereo; : Sg(SP;) — %, 02 : Sg(SP2) — X andX = Sg(SP1) USg(SP,).
Furthermore,wheno : = — ¥’ is an inclusion, a clearcut caseof the derive
operationcanbe definedin termsof hide

derive from SP' by 0 £ hide sorts S opns F’ in S

where¥' = 9g(SP), 2 =% — (S,F’).
Instantiationof genericspecificationscan be definedin terms of union and
translatan theusualway. For example,see[Sannellaetal., 1997.

Example 4.19 In Example3.30, EXPRESSION is definedby adding nev symbols
andaxiomsto the arbitrary union of specificationsandthen hiding someauxiliary
functions. This specificationis definedin termsof and, then and hide, while
SuUBSTITUTION andUNIFICATION aredefinedin termsof then andhide. O

Thetestingsatishctionrelationpresentedn Definition 3.8 cannotalwayscheck
all axiomsof eachpartof a structuredspecificatiorbecausehey mayreferto hidden
sortsandfunctionsnot implementedn the algebraundertest. Therefore,it may be
necessaryo look atvisible (testablelaxiomsonly.

Definition 4.20(TestableAxioms) The set of testable (visible) axioms of a
structuredspecificationSP canbe definedasfollows.

def

1 TAX(Z,®,T)) = @

def
2. TAX(SPLUSP,) = TAX(SP) U TAX(SP,)
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3. TAX(translate SP’ with o) £ o(TAX(SP))

4. TAx(hide sorts S opns F’in SP) = TAX(SP') N Sen(Z), where Z = Sg(hide
sorts S opns F'in SP')

It canbe noticedthatnameclasheslo notoccurin TAX(SP) becaus@xiomswith
hiddensymbolsarecompletelyexcluded.

Example 4.21 Revisiting Example3.30 again,the testableaxiomsof EXPRESSION
aretheoneswhichdonotreferto variableslandis_validl, thatis, only thefirst, second,
sixth andseventhaxiomsaretestablewithout requiringanimplementatiorof hidden
operations. O

In the next subsectionsthe semanticsof the specification-bilding operations
from Definition 4.18is given asusual. Also, somelemmasconcerningwhetherflat
testing, which is representedby testing satistction of visible axioms (A kl‘;(sp)
TAX(SP)), impliesstructuredesting,whichis representely membershipn theclass
of checkablemodels(A € ChMod. ~(SP)), andvice-versa. Theselemmasare used
to prove the maintheoremsresentedn Section4.5. Example4.22below is usedto
illustratethe pointsdiscussedn thesequel.

Example 4.22 This examplepresents specificationwith testinginterfaceof sorted
lists. Let 21 andZ, besignatureslefinedasfollows.

sorts {int,list}
opns {nil :list
1= cons: int xlist — list
head: list — int
tail : list — list}

sorts  {int,bool list}

opns {... 23 operations...
is_sorted: list — bool
sort: list — list}

2o =

Leto: 21 — 3, beasignaturemorphism.Thefollowing arewell-formedstructured
specifications.

Sig Z]_
axioms VI :list;x:int-congx,|) #1
List = vl :list;x:int - head congx,l)) = x

vl :list; x:int - tail (congx, 1)) = |
test set T1 = (Tis)se(intlist}
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SList1l = translate List by 0

sig 22
axioms is_sorted(nil) =true
SList2 = e
vl : list -is_sorted(sort(l)) = true
test set T2 = (Tas)se {int,boollist}

SList = SList1U SList2

IntList = hide sorts 0 opns {is_sorted} in SList

where T, and T, are arbitrary Z; and Z,-testsetsrespectively O

4.4.1 Union

The union of two specificationswith the samesignaturegivesa new specification
whosemodelsarethe onesin theintersectiorof the setsof modelsof the constituent
specifications.

Definition 4.23(Union) Let SP; and SP, bestructuredspecificationssud thattheir
signatuescoincide thatis, Sg(SP1) = Sg(SP;). ThenSP = SP; U SP; is definedas
follows.

o Sg(SP) £ Sg(SP1) = Sig(SP)

o Ted(SP) £ Ted(SPy) U Ted(SP)

def

o Mod<(SP) = Mod.(SP1) N Mod.(SP,)

def

e ChMod. ~(SP) = ChMod. ~(SP;) N ChMod. ~(SP)

Let SP=SPLUSP. Then A € ChMod. ~(SP) may not imply A =%
TAX(SP), evenif both SP; and SP, are basicspecificationshecauseaxiomsof SP;
and SP, aretestedwith a different, possiblybigger testset Teq(SP) in the latter

Similarly, the corversemaynot hold. Thereasons that,dueto the possiblepresence
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of existentialquantifierstheresultobtainedoy checkinganaxiomwith Teg (SP) may
notimply theresultobtainedoy checkingthe sameaxiomwith Teg(SP;) C Teg(SP).
In Example4.22,T; andT, maybedifferent,sotheaxiomsof SList1 andSList2 may
be checled with differenttestsetswhentestingSList in the former and latter way.
Thus,it is necessaryo specifysomerestrictionson testsets.Onepossiblerestriction
is that they must coincide. In Example4.22, this implies that T; and T, must be
syntacticallyequal,andthenT, cannotincludegroundtermswith symbolsnotin ;.

Lemmad4.24 Let SP=SP,USP, be a structued specificationand A be a
Sg(SP)-algebra. If

1. (a) Forall se sorts(Sg(SP)), Ted(SPy)s = Test(SPg)S and
(b) A€ ChMod. ~(SP;) impliesA ):Iei ) TAX(SPy) and
(c) A€ ChMod. (SP,) impliesA = %25%) TAx(sP,)

thenA € ChMod. -~ (SP) impliesA ):Ieg TAX(SP)

2. (a) Forall se sorts(Sg(SP)), Tex(SP1)s = Teg(SP,)s and
(b) A2 TAX(SPy) impliesA € ChMod. ~(SPy) and

(c) A ):Iei(‘%) TAX(SP;) impliesA € ChMod. ~(SP,)
thenA ):Iei TAX(SP) impliesA € ChMod. ~(SP)

Proof.

1. Suppose A€ ChMod. ~(SP). Then AecChMod.~(SP) and A€
ChMod. ~(SP) by Definition 4.23. By assumption 1(b), A ):I‘?i(spl)
TAx(SPl) and by assumptiori(c), A ):Iei (2) TAx(SPz) Then, by 1(a), A
=) TAx(SPy) andA =P TAX(SP). So,A ) TAX(SP).

2. SupposeA ):Iei TAx(SP). As TAX(SP) C TAx( ) and TAX(SP;) C

TAX(SP), thenA =[*1) TAx(SPy) andA ):IeSt TAX(SP;). By assumption
2(a), A =22 TAx(SPy) andA 122 TAX(SP,). By assumptiorg(b),
A € ChMod. ~(SP;) andby assumptior2(c) A € ChMod. ~(SP;). Hence by
Definition4.23,A € ChMod. ~(SP).

O

Lemmad4.24suggestshatif Teq(SP;) andTegd(SP,) aredifferentfor s€ S, then
it might be interestingto substituteone for the other If the axiomsof SP have
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only positive V and negative 3 (negative vV and positive ), supersetof Ted(SP;)
(Teg(SP,)) arealwaysunbiasedvalid). So,it is betterto opt for the biggeroneif
thatis possible(seeTheorem3.20). In Example4.22,if Ty C T> andT; is definedin
thescopeof 21, thenT, canreplaceT;. Otherwise,T» hasto betrimmedto fit in the
scopeof 2.

Assumption(a) in Lemma4.24is a strongoneindeed. This is further discussed
in Section4.5. Oneway of wealening this conditionis to make assumptionon
quantifiers. From Theorem3.17, ary testsetis unbiasedf thereare only positve
occurrencesf V andnegative occurrencesf 3 in thesetof axiomsto bechecled(see
alsoTheorem3.18).

Lemmad4.25 Let SP=SP,USP, be a structued specificationand A be a
Sg(SP)-algebra. If

1. (a) Axiomsof SP haveonly negativeV and positiveEI and

(b) A€ ChMod. ~(SP;) impliesA ):Iei ) TAX(SPy) and
(c) A€ ChMod. ~(SP,) impliesA ):Iei ) TAX(SP,)
Ted(SP

thenA € ChMod. -~ (SP) impliesA ):N ) TAX X(SP)

2. (a) Axiomsof SP haveonly positiveY and neggative3 and

(b) A ):Teﬁ(spﬂ TAX(SPy) impliesA € ChMod.. .(SPy) and

() AR5 TAX(SP,) impliesA € ChMod. ~(SP,)

thenA ):Iei TAX(SP) impliesA € ChMod. ~(SP)

Proof. Similarto the proofof Lemma4.24. O

It is importantto remark that assumptionsl(a) and 2(a) in Lemma4.25 are
contraryto theonesin Theoremsl.14and4.15respectrely, accordingo thedirection
of implicationwe areinterestedn. Thus,Lemma4.25may not be very usefulwhen
comparingflat testingto structuredesting.

Notethat, by Definition 4.13,assumptiond(b)-(c) and2(b)-(c) in Lemma4.24
will holdif SP; andSP, arebasicspecifications.

4.4.2 Translate

Givenaspecificatiorandasignaturanorphism translatgproducesnew specification
from theformeraccordingo the morphism.
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Definition 4.26(Trandate) LetSP’ bea structuredspecificationSP = translate SP’
with o is definedasfollows,whee o : ¥’ — ¥ is a signatue morphismand Sg(SP') =
Y/

def

e Sg(SP) =

Ted(SP) = o(Ted(SP))

Mod<(SP) £ {Ac Alg(Z) | Alg € Mod<(SP')}

ChMod. ~(SP) = {A€ Alg(Z) | Alg € ChMod. (SP')}

Let SP = translate SP’ with 0 : ¥’ — X. Then A € ChMod. ~(SP) implies
A ):Iei TAX(SP) andvice-versaprovidedthatthis holdsin bothdirectionsfor SP’
andappropriateassumption®n equalitiesaremade. Theseassumptiongrerequired
sincetranslationof termsandformulasdoesnotalwaysrespecthetestingsatishction
relation. ConsiderExample4.22andlet ~ denotea family of approximatesqualities
definedby afinite setof obsenablecontexts. Clearly, ~5, canbefinerthan~s,, since
2> hasanadditionallist obserer (is_sorted). Moreover, it is easyto checkthat flat
testingof SList1 considersvs,, whereasstructuredestingconsidersvs,. Therefore,
compatibility conditionsarenecessary

Lemma4.27 Let SP = translate S’ with 0. Let A bea Z-algebra. If

1. (a) ~ istranslation-compatibland= is reduction-compatibland

(b) Alg € ChMod. - (SP') impliesAls =S TAx(SP)

NI—/

thenA € ChMod. - (SP) impliesA = =% TAx(SP).

2. (@) ~ isreduction-compatibland= is translation-compatibland

(b) Alg =) TAX(SP) impliesAls € ChMod.. . (SP)

NI—I

thenA =" TAX(SP) impliesA € ChMod. (SP).

Proof.

1. SupposeéA € ChMOdN_;(SP). ThenAls € ChModN (SP’) by Definition 4. 26.
By assumptionA|q )ZI?(EQ TAX(SP). Thus, by Theoremd.10, A ’_Iiﬂ
TAX(SP).
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2. SupposeA =% TAX(SP). ThenAl ):Ie,S ) TAX(SP') by Theoremd. 9.

By assumption, Alg € ChMod. ~(SP'). Thus, A € ChMod. ~(SP), by
Definition 4.26.
O

Assumptiondl(b) and2(b) in Lemma4.27will holdif SP’ is abasicspecification.

4.4.3 Hide

The hide operationconstructsa newv specificationfrom SP whosemodelsare the
modelsof SP with somesorts(andtheir respectie testsets)andfunctionsremoved.

Definition 4.28(Hide) LetSP’' bea specification SP = hide sorts S opns F’ in SP/
is definedasfollows.

def

o Sg(SP) = Sg(sP)—(S,F)

o Ted(SP) & Ted(SP) N Tgg(sp)

e Modo(SP) = {A'|s | A € Mode(SP')}

e ChMod. ~(SP) = {A'|; | A’ € ChMod. ~(SP')}

whee S is a setof sorts,F’ is a setof function declamationsand ~ = Sg(SP) is
requiredto bea well-formedsignatue.

Let SP = hide sorts S opns F’ in SP.  In order to checkwhetherA ¢
ChMod.. ~(SP), it is necessaryto checkwhetherA" € ChMod.. ~(SP’') for some
Sig(SP')-algebraA’” suchthat A = A'|gqgp)- In Example4.22, one mustprovide a
Qist-algebraA’ (with an implementationof is_ sorted) in orderto checkA against
IntList by structuredtesting. Clearly, A):Iei TAX(SP) may not imply A€
ChMod.. ~(SP) asSP’ may have axiomsnotin TAX(SP) andthe testsetof SP may
be smallerthanthe testsetof SP. Likewise, the conversemay not hold. Note that
TAXx(IntList) doesnotincludeary axiomreferringto is_sorted. Furthermorewhen
hideis present,compatibility assumption®n equalitiesare also necessaryn order
to compareflat andstructuredesting,sincedifferentsignaturesareconsideredvhen

testingin oneor theotherstyle.

Lemma4.29 Let SP = hide sorts S opns F’ in S?’ with ¥’ = Sg(SP') andZ =
Sg(SP). LetA’ bea ¥'-algebra. If
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1. (a) ~ isreduction-compatibland= is translation-compatibland
(b) Axiomsof SP haveonly positiveV and negatived and
(¢) A’ € ChMod. (SP') impliesA’ =" TAx(SP)
Tes
thenA'|s € ChMod. ~(SP) impliesA'|s ):Nzﬁﬁz TAX(SP)

2. (a) TAX(SP) =TAX(SP") and
(b) ~ istranslation-compatibland= is reduction-compatibland
(c) Axiomsof SP haveonly negativeV andpositived and
Ted(SP) . .
d) A= =, TAX(SP') impliesA” € ChMod. ~(SP)
thenA'|s =1 TAX(SP) impliesA'|; € ChMod. ~ (SP)

Proof.

1. Supposé\|s € ChMod.. ~(SP). ThenA’ € ChMod. ~(SP’) by Definition4.28.
By assumptioni(c), A’ |_Ieft_z,) TAX(SP'). By definition of TAX(SP),
A ):Ie; ,) TAX(SP). BecauseTeg(SP) C Teg(SP), by assumptioni(b)
and Theorem3.20, A ):,Tve,g(?:,) TAX(SP). Leto: X — ¥’ be the inclusion
betweers andz’ (2 C ¥'). ThenA' 2T () 6(TAX(SP)), aso(Teg (SP)) =
Ted(SP) anda(TAX(SP)) = TAX(SP). By assumptiorl(a) andTheorem4.9,
Ny EIT TAX(SP).

2. Suppose Al =[2F) TAx(sP).  Then A 7% ,9’” o(TAX(SP)) by
assumptior2(b) and Theorem 4 10, thatis, A ):Ie,S TAX(SP), where
0:X—2. By 2(a), A ):Ie,g TAX(SP). BecauseTes(SP) C Teg(SP),
by assumptior2(c) andTheorem3 20,A ):Ie‘f‘ ) TAX(SP). By assumption

2(d), A’ € ChMod. ~(SP'). Hence by Definition 4.28,A’|z, € ChMod. ~(SP).
O

Assumption2(a) in Lemmad4.29,wherebySP’ cannothave axiomswith symbols
in S andF’, is astrongrestriction.However, onecanseethis assumptiorasrequiring
that specificationsshould be transformedsuchthat hiddenaxiomsare replacedby
theirvisible consequences.

Contraryto Lemma4.25,assumptiond(b) and2(c) in Lemma4.29areperfectly
compatiblewith theonesin Theoremst.14and4.15respectiely. Neverthelessasin
Lemma4.24,theseassumptionsn quantifierscanalsobereplacedasfollows.



Chapterd — Testingfrom StructuredSpecifications 85

Lemma4.30 Let SP = hide sorts S opns F’ in S?’ with ¥’ = Sg(SP') andZ =
Sg(SP). LetA’ bea ¥'-algebra. If

1. (a) ~ isreduction-compatibland= is translation-compatibland
(b) Ted(SP)s=Teg(SP')s, forall se sorts(S'g( )) and
() A’ € ChMod. ~ (SP') impliesA’ =) TAx(P)
thenA'|s € ChMod.. ~(SP) impliesA'|5 ):Ie:ﬁz TAX(SP)
2. (a) TAX(SP) =TAX(SP") and
(b) ~ istranslation-compatibland= is reduction-compatibland
(©) Test(SP)S: Teg(SP)s, for all s€ sorts(Sg(SP)) and
Teg(SP
d) A ):NZ, TAx(SP’) impliesA’ € ChMod.. .(SP')
thenA'|s ):Ie:ﬁz TAX(SP) impliesA'|s € ChMod.. ~(SP)

Proof. Theproofis similarto the proof of Lemma4.29. O

Thisimpliesthathiddensymbolscannotbeusedto defineary testsin thestructure
of SP, whichis againveryrestrictve.

4.4.4 Terminology

Someterminologyof structuredspecificationswith testinginterfaceis presentedn
this section.Dueto thefactthattestsetsarepartof the specificationpnecouldthink
of definingvalid/unbiasedpecificationdy analogywith valid/unbiasedestsets.

Definition 4.31(Valid and UnbiasedSpecifications) Let SP be a structued
specificationand A be a Z-algebra. SP is unbiased (valid) for A,~,= if and
onlyif

SP=(Z,®d,T). Tisunbiasedvalid) for A, ~5, =5, ®;

SP =P, USP,. SP;is unbiasedvalid) for A, ~, = and SP is unbiased(valid) for
A! N’ 2;

SP = translate SP’ with 6. SP’ is unbiasedvalid) for Alg, ~, =;

SP = hide sorts S opns F'in SP’. Thee exists a S'g(SP’)-aIgebra A with A=
A|gq(sp) SUd that SP’ is unbiasedvalid) for A', ~
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It is easyto checkthat, owing to the hideoperation,SP is unbiasedvalid) for A,
~, = doesnotimply Teg(SP) is unbiasedvalid) for A, ~, =, TAX(SP). Thereason
is thatthe former may considertestsetswith valuesdefinedfrom hiddensorts. The
cornversedoesnot hold either

Interpretationof the resultsof flat testingcannotalways be given for structured
specifications.Concerningestsets,assumptior(a) in Lemma4.24 hasto be metat
eachoccurrenceof uniontogetherwith assumptiond.(b) and2(c) in eitherLemma
4.29 or 4.30 at eachoccurrenceof hide depending on which direction of the
implicationoneis interestedn. To illustratethe needfor the formerassumptiorand
someproblemst brings,considerthe following example.

Example 4.32 Suppose, andSList2 in Example4.22aremodifiedasfollows.

[ sorts {int,bool, nat, list}
opns {... 23 operations...
is_sorted: list — bool
2o = sort: list — list
take: nat * list — list
len: list — nat
concd : list xlist — list} |

wherethetake, lenandconcd functionsareaddedtake(n,|) returnsalist containing
thefirst nitemsof |. The functionconca returnsthe concatenatiomf two lists. The
functionlenreturnsthelengthof alist.

sig 22
axioms is_sorted(nil) =true
Vvl : list -is_sorted(sort(l)) = true
vn:nat;l,k:list-take(n,l) =k <
ds:list-conca(k,s) =1 Alenk) =n

Sist2 =

| test set  To = (Tas)sc(int,bool,nat list}

whereaxiomsontake areadded.
Becauseat is notin X;, thenby Definition 4.26, Teg (SList1)nz = 0(T1)na = 0.
In orderto fulfil assumptionl(a) in Lemma4.24, so that the resultsof flat testing
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canbeinterpretedTeg (SListz)na Mmustbeempty andthenaxiomsontake cannotbe
checled. n

Accordingto the exampleabove, assumption(a) in Lemmad4.24 is too strong.
For instance,all specificationsdefinedby the then operationwhere a nev sort is
introducedwould have the problem mentionedabove (see the SUBSTITUTION
specificationandthe substitutionsortin Example3.30). Oneway of wealeningthis
assumptions by ignoring sortswhich have no testsetassociatedvith them,at least,
in the structureof oneof the specificationsn the union. Notice thatthereareno test
setsexplicitly associateavith nat andnoaxiomsonthissortin thestructureof SList1.
Thus,this sortdoesnot raisethe problemregardingtestingwith differenttestsetsby
flat andstructuredestingwhichis discussednh Subsectio.4.1.Then,in thesequel,
specificationsare only requiredto be consistentv.r.t to testsets. But beforegiving
this definition,we needto defineanauxiliary notion.

Considerthe following signaturemorphismo : &' — X which can be usedto
renamespecifications Note that the signatureof translateSP’ by o (Z in this case),
with ¥’ = Sg(SP’), may have sortsthat do not correspondo ary sortdefinedin '.
In example4.32, nat is not in the signatureof List, even thoughthis sortis in the
signatureof SList1 = translate List by 0. In this casenat is saidto beinnocuousn
SListl. If asortsisinnocuousn a specificationSP, this sortbelongto the signature
of SP, but thereis no testsetexplicitly associatedvith it in this specification.Also,
no axiomsreferto it. Only translatecanintroduceinnocuoussortsin the structureof
a specification. And only the union of SP; with anotherspecificationSP, in which
a given sort s is not innocuous can make this sort s which is innocuousin SP;
becomenot innocuousin the resultingspecificationSP; U SP,. For instance nat is
notinnocuousn SList2, and,consequentlyit is notinnocuoudn SList andIntList.

Definition 4.33(Innocuoussort) Lets < sorts(Sg(SP)). Whethersis innocuousn
SP is definedasfollows.

1. sisneverinnocuousn (Z,®,T).

2. s is innocuousin SPLUSP, if andonly if s is innocuousin SP; and s is
innocuousn SP..

3. sisinnocuousn translate SP’ with ¢ if andonlyif either

e (35 :sorts(Sg(SP'))-o(s) =s) or
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e 15 :sorts(Sg(SP')) - o(s) = sands isinnocuousn SP'.

4. sisinnocuousn hide sorts S opns F’ in P’ if andonlyif sisinnocuousn
.

Consistenspecificationsequiretestsetsto coincideat eachoccurrencef union,
unless a given sort is innocuousin at least oneof the subspecifications/hich
composesheunion.

Definition 4.34(ConsistentSpecification) A structued specification SP is
consistentw.r.t test setsif, for every subspecificatior8P, U SP, of SP, for all s
Sg(SPLUSP,), either:

o Ted(SPy)s=Ted(SP,)sor

e sisinnocuoudn SP; or sis innocuousn SP;.

Example 4.35 In Example4.32, IntList is consistentw.r.t. testsetsif T; coincides
with T, for all sortsin 2, exceptfor nat andbool, sincethey areinnocuousn SList1.
Thereforenotestsetis associatedavith thesesorts.On the contrary nat andbool are
associateavith testset(T2) pool,na in SList2. O

Thefollowing is acorollaryof Lemma4.24.

Corollary 4.36 Let SP=SP, US>, be consistentw.r.t. test sets and A be a
Sg(SP)-algebra. If

1. (a) AeChMod. ~(SPy) impliesA ="°2% TAx(SPy) and

(
(b) A€ ChMod. - (SP,) impliesA ="*25%) TAx(SPy)

thenA € ChMod. -~ (SP) impliesA ):Iei TAX(SP)

2. (a) A2 TAX(SP)) impliesA € ChMod. - (SPy) and
(b) A ):Iei(sp 2) TAX(SP,) impliesA € ChMod. . (SP2)

thenA ="*%) TAx(SP) impliesA € ChMod.. ~ (SP)

It maybepossibleto transforma givenspecificatiorinto aconsistenspecification
w.r.t testsetsby substitutingthe biggertestsetsfor the smallerones(seeTheorem
3.20).But, not all specificationanbetransformednto a consistenbnein this way.
In Example4.22,if Ty C T, T, mustreferto symbolsin Z; only. In Chapter5, a
normalform is presentedo producespecificationghatare consistentv.r.t. testsets.
For this, specificationgnay berequiredto be compatiblew.r.t testsetsasfollows.
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Definition 4.37(Compatible Specification) A structured specification SP is
compatiblew.r.t. testsetsif for all o: ¥’ — " arisingin SP, for all subspecifications
SP and SP” of SP with ¥’ = Sg(SP) and¥” = Sg(SP”), Teg(SP”) C o(Ty), that
is, Ted(SP”) is completelydefinedby symbolsmappedrom’.

Resultson compatiblespecificationsare presentedn Section5.2. The intention
is to replacethe consisteng condition on test sets. In Example4.32, IntList is
compatiblew.r.t. testsetsif T, doesnot includetermsdefinedfrom sort, take, len
concd andis_sorted. Obviously, not all specificationsvhich areconsistentw.r.t test
setsarealsocompatibleandvice-versa.

Example 4.38 Let SList2 in Example4.22beredefinedasfollows.

sig 2o U {reverse: list — list}
axioms is_sorted(nil) =true

Sist? — vl -is_sorted(sort(l)) = true

reverseg(nil ) = nil

| test set  To = (Tas)sc(int,boolna,list}

SList2 = hide sorts 0 opns {reverse} in SList2/

IntList is consistentv.r.t testsetsif T; coincides(exceptfor nat andbool) with
ToNTs,, thatis, T, restrictedto the 2, signature. But, in this case, IntList may
not becompatiblew.r.t. testsets,becausd, mayincludetermsreferringto reverse
Ontheotherhand,InsLid is compatiblew.r.t. testsetsif bothT; andT, aredefinedin
thescopeof ;. But, becaus¢hesetestsetsmaydiffer, I ntList maynot be consistent
W.I.t. testsets. O

Regardingtestsetsandhide in orderto meetassumptiong(b) and2(c) in Lemma
4.30 and handlethe problemraisedby hide specificationamay be requiredto be
visible w.r.t testsetsin thefollowing sense.

Definition 4.39(Visible Specification) A structured specificationSP is visible w.r.t

testsetsif for every subspecificatior8’ = hide sorts Sopns F in SP”, Teg(SP)s =

Teg(SP")s, for all s € sorts(Sg(SP)), thatis, hiddensymbolsare not usedto define
testsetsin thestructure of SP.
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Example 4.40 ConsidemagainExample4.38. ThelntList specificatioris visiblew.r.t.
testsetsif Ted (SList2)|ig = Ted(SList2))ig andTed (IntList)pool = Tes (SList)pool,
thatis, neitheris_sorted norreverseis referredto by termsin T,. O

Thefollowing is acorollary of Lemma4.30.
Corollary 4.41 LetSP = hide sorts S opns F’ in S bevisiblew.r.t. testsetswhele
= Sg(SP') andZ = Sg(SP). LetA' bea ¥'-algebra. If
1. (a) ~ isreduction-compatibland= istranslation -compatibland
(b) A € ChMod.. ~(SP') impliesA’ ):Ie? ) TAX(SP)
thenA'|s € ChMod.. - (SP) impliesA'|s ):Ie;j;z TAX(SP)

2. (a) TAX(SP) =TAX(SP") and
(b) ~ istranslation-compatibland= is reduction-compatibland
s _Teg(SP) /N i : / /
(©) A= =, TAXSP') impliesA’ € ChMod. (SP)
Teg(SP) . .
thenA'|s =" TAX(SP) impliesA'|z € ChMod. ~(SP)

It is easyto checkthatif SP is compatiblew.r.t testsetsthen SP is visible w.r.t
testsets,but the corversemay not hold (seeDefinitions4.37 and4.28). Also, if SP
is consistentand visible w.r.t test sets,then SP is compatiblew.r.t. testsets. But,
obviously, the cornversemaynothold, asthelatterdoesnot take unioninto account.

Furthermorein orderto meetassumptior2(a)in Lemma4.29,specificationsnay
berequiredto betransparenasfollows.

Definition 4.42(Transparent Specification) Let SP be a structured specification.
SP is transparenif it hasno occurrenceof hidein its structure.
Thefollowing is acorollaryof Lemma4.29.2.
Corollary 4.43 Let SP = hide sorts S opns F’ in SP’ be transpaent with ¥’ =
Sg(SP) andZ = Sg(SP). LetA' bea ¥'-algebra. If
1. (a) ~ istranslation-compatibland= is reduction-compatibland
(b) Axiomsof SP haveonly nggativeV andpositived and
(©) A =L F) TAX(SP) impliesA' € ChMod. (SP)

thenA'|s ):Ie; TAX(SP) impliesA'|s € ChMod.. -~ (SP)

If hiddenaxiomsof a specificationcanbe replacedoy their visible consequences
in suchaway thathiddensymbolscanbe discardedthis specificationcanbeturned
into atransparenone.
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4.5 Structured TestingversusFlat Testing

In this section the mainresultsof this chapterarepresentedby comparingstructured
testingandflat testingandexplainingthemin termsof correctnessStructuedtesting
of a Z-algebraA againsta structuredspecificationSP correspond$o membershipn
the classof checkablenodelsof SP, thatis, A € ChMod.. -~ (SP), whereadlat testing
correspondgo the testingsatisfction of visible axiomsof SP, thatis, A }—Iei <)
TAX(SP). Theformeris basednthestructureof SP andmayconsistof morethanone
testwith specifictestsetsappliedfor specificgroupsof axioms(seee.g. Definition
4.23) and may demandadditionalimplementationof sortsand operationsnot in A,
dueto hiding. On the otherhand,flat testingis a monolithic experimentbasedon
an unstructuredview of the specificationwithout consideringhiddenelementsand
usinga singletestsetTeg (SP) which is deducedrom SP andappliedto all axioms

in TAX(SP).

Example 4.44 Let A beanIntList-algebraln Example4.22,flat testingfrom I ntList
correspondso thetest:
Teg(IntList) .
A=~ TAX(IntList)

whereX = Sg(IntList), TAx(IntList) is thesetof visible axiomsof IntList according
to Definition4.20andTed (I ntList) is thetestsetof I ntList whichis restrictedo terms
composef visible symbols.Ontheotherhand from Definitions4.23,4.26and4.28,
structuredesting thatis, A€ ChMod. -~ (IntList), correspondso thefollowing tests:
®; and A

A | 2 @,

NZ ,—Z NZ ,—Z

where ®; and ®, are the axiomsof List and SList2 respectiely and A’ is a

SList-algebrawith A = A'|jiList. Note that the first test is almost the same
T

asA ):’jzl’ﬂzl d1. O

Advantage®f structuredversusflat testingarepresentedhroughouthis section.
In the next subsectionssometheoremsare presentedwvhich relate structured/flat
testingto anotionof correctnessyv.r.t. theclassof realmodels.Let SP beastructured
specificatiorwith ~ = Sg(SP) andA bea Z-algebra.
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4.5.1 Structured Testingand Corr ectness

Theoremd.45is ageneralisatiomf Theoremd.14for structuredspecificationsnder
certainconditionsincorrectprogramscanbe acceptby structuredesting,thatis, not
every checkablanodelis arealmodel,but any realmodelis a checkablenodel. The
assumptionghatfamiliesof equalitiesneedto be completg(sound)seento bestrong,
but only signaturesrisingin the structureof SP needto be consideredvhendefining
thesefamilies.

Theorem 4.45 If ~ is complete= is sound,andthe axiomsof SP haveonly positive
occurrencesof V and negative occurrencesof 3, then A € Mod(SP) impliesA e
ChMod. ~(SP).

Proof. Theproofis conductedy inductionon the structureof SP.

(i) SP=(Z,®,T). FromTheorend.14.

(i) SP=SP1USP,. Suppose A € Mod-(SP). Then A € Mod.(SP1) and A
€ Mod.(SP,). By induction hypothesis, A € ChMod. ~(SP;) and A €
ChMod.. ~(SP,). Thus,A € ChMod.. ~(SP).

(iii) SP =translate SP’ with o, with0: ¥’ — X. Suppose A € Mod+(SP). Then,
Alg € Mod+(SP) by Definition 4.26. By induction hypothesis, Als €
ChMod. ~(SP'). Thus,A € ChMod. -~ (SP).

(iv) SP = hide sorts S opns F’ in S?. SupposeA € Mod.(SP). Then thereexists
a Sg(SP')-algebra A" such that A’ € Mod-(SP') and A= A|gqp) by
Definition 4.28. By induction hypothesis, A’ € ChMod. ~(SP’"). Hence A €
ChMod. - (SP).

O

Theorem 4.46 below is a generalisationof Theorem 4.15 for structured
specificationsand the dual of Theorem4.45. This theoremshows that underthe
conditionsstatedrealmodelscanberejectedby structuredesting,but any checkable
modelis arealmodel.

Theorem 4.46 If ~ is sound,=~ is completeandthe axiomsof SP haveonly nggative
occurrencesof V and positive occurrencesof 3, then A € ChMod. ~(SP) implies
A€ Mod.(SP).
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Example 4.22 matches Theorem 4.45 since the axioms of IntList have
only positive V andnegative 3. Given~ completeand= sound,ary IntList-algebraA
canbechecledagainst ntList by structuredestingin thesensdhataninterpretation
can be given for testresultsbasedon Theorem4.45, no matterhow T, and T, are
defined. In this case,only the signatures; and 2, in the families ~ and = need
to be considered. In practice,an oraclefor IntList canbe definedas a procedure
which drivesthe testsrequired. Note that hiddenaxiomsaretakeninto accountand
animplementatiorof is_sorted is needed.

Once more, assumptionson quantifiers can be droppedif specificationsare
unbiasedand/or valid.

Theorem 4.47 If ~ is complete = is soundand SP is unbiasedfor A, ~,=, then
A € Mod.(SP) impliesA € ChMod.. ~(SP).

Proof. Theproofis conductedy inductiononthestructureof SP andis similarto the
proof of Theoremé.45,exceptthatthe basiccasefollows from Theoreméd.16instead
of 4.14. O

Theorem4.48 If = is sound,~ is completeand SP is valid for A;=,~, thenA €
ChMod- . (SP) impliesA € Mod. (SP).

Proof. Similarto the proofof Theorend.47. O

Interestingpropertiesof specificationsmay be expressedy hiddenaxiomshbuilt
from visible andhiddensymbols(seesort in Example4.22)andtheseaxiomscannot
alwaysbe replacedby their visible consequencesAccordingto Definition 4.28,in
order to check hiddenaxiomsby structuredtesting, an implementationof hidden
symbolsmay be requiredfor eachoccurrenceof hide which is a reasonable
constructve requirementln a similar way to structuredesting,compositionaproof
systemdor implementation®f structuredspecificationsmay require a persistent
extensionSP’ of SR to be checled againstSP’ in orderto prove that SP is an
implementation of hide sorts S opns F’ in SP [Hennicker, 1997. Also,
[Farres-Casals1990] shows that underthosecircumstanceshe visible part of the
specificationcan be proved by importing the hidden part into the implementation.
Onedrawbackof testinghiddenaxiomsis thattheimplementatiorof hiddensymbols
may itself have errorswhich mightleadto wrong conclusiongegardingcorrectness.
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However, the main goal of testingis to uncover errorsso that a dehuggercan be

usedto pinpointthem. Effort to provide animplementatiorof hiddensymbolswhich

conformsto their specificationis compensatedby the fact that this can be usedto

checkdifferentimplementation®f the visible part. Moreover, it is likely thatthese
hiddensymbolsrepresenstandardcomponentsand functionsalreadyimplemented
andverified. Anotherdravbackis thatthe specificatiorof hiddensymbolsmight not

have animplementationseeExamplel in [KahrsandSannella1999§). In this case,
unlesgthe specificatiorcanbetransformedopnly flat testingcanbe applied.

4.5.2 Structured Testingand Flat Testing

If SP is nota basicspecificationstructuredestingdoesnot alwayscoincidewith flat
testing. However, the following theoremsshav specialcasesvhereeitheroneor the
otherdirectionof theimplicationmay hold.

Theorem 4.49 Let SP be consistentv.r.t. testsets. If ~ and= are compatibleand
the axiomsof SP haveonly positiveoccurrencesof vV and negative occurrencesof 3,
thenA € ChMod. -~ (SP) impliesA ‘:Iei(sp) TAX(SP).

)

Proof. By inductiononSP. FromDefinition4.13,Corollary4.36(1),Lemmas4.27(1)
and4.29(1). O

Notice that assumptionson quantifiers in Theorem 4.49 are due to the
hide operationwhich may restricttestsetsto be composef visible symbolsonly.
Undoubtedlytheseassumptionsanbedroppedoy requiringSP to bevisible w.r.t test
sets.Theorem4.50belaw, thedualof 4.49,alsorequiresSP to betransparent.

Theorem 4.50 Let SP be transpaentand consistentv.r.t. testsets.If ~ and= are
compatibleand the axiomsof SP haveonly negative occurrencesof V and positive
occurrencef 3, thenA ):Tei(sp) TAX(SP) impliesA € ChMod.. ~(SP).

~,

Proof. By inductionon SP. From Definition 4.13, Corollaries4.36(2)and 4.43,
Lemmad.27(2). O

Equivalenceof structuredandflat testingrequiresspecificationgo be consistent
w.r.t. testsetsand transparentfamilies of equalitiesto be compatible and also
contradictoryassumption®n quantifiers,unlessspecificationsare visible w.r.t test
sets. Accordingto Theorem4.49, in Example4.22, successn structuredtesting
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implies successn flat testingif T, and T> coincideandthe families ~ and = are
compatibleat leastfor 23, X, andSg(IntList). Obviously, Theorem4.50 cannotbe
usedsincel ntList haspositive V andis nottransparent.

4.5.3 Flat Testingand Correctness

Thedefinition of realmodelsrelieson the compositionakemanticof specifications.
Thereforejn contrastto structuredesting,furtherassumptionsn specificationsand
equalitiesarerequiredto identify whetherarealmodelis acceptedy flat testingand
vice-versa.

Theorem 4.51 Let SP be consistentv.r.t. testsets.If ~ is completeand compatible
and = is soundand compatibleand the axiomsof SP haveonly positiveoccurrences
of V andnegativeoccurrencesf 3, thenA € Mod.(SP) impliesA |:Te (&) TAX(SP).

~,Z=

Proof. Followsby Theoremst.45and4.49. O

Againto obtainaresultfrom flat testingin Example4.22,accordingto Theorem
4.51,no greatflexibility is givento defineT; andTp, sincel ntList mustbe consistent
and also equalitieson Sg(IntList) mustbelongto compatiblefamilies. For the
consisteng requirement|T,)List cannothave ary termthatinvolvessort. This even
forbidstestslike head congx, sort(l))) = x to be performedwherethesort operation
is somehav exercised. Thus,alsobecauséiddenaxiomscannotbe consideredand
sort is definedin termsof is_sorted, the operationsort cannotbe checled by flat
testing.Structuredestingis the only way of effectively verifying this operation.

Theorem 4.52 Let SP be consistentwv.r.t. testsetsand transpaent. If ~ is sound

and compatibleand = is completeand compatibleand the axiomsof SP have only
Tegs(SP)

negative occurrencesof V and positive occurrencesof 3, thenA =2~ " TAX(SP)
impliesA € Mod(SP).
Proof. Followsby Theoremgt.50and4.46. O

Assumptionson quantifiersin Theorem4.51 canonly be replacedby unbiased
conditionsif specificationgrealsotransparentAlthoughnotactuallychecledby flat
testing,hiddendefinitionshave to be consideredvhencomparingtestingsatishction
andmembershipn the classof real models.Supposeve assumehat SP is unbiased
for A, ~,=. In this case,if SP = hide sorts S opns F’ in SP’, thenTeg(SP)s C
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Teg(SP)s, for all s € sorts(SP). Thus,SP hasto betransparentyunlessassumptions
on quantifiersaremade(seeTheorem4.51).

Theorem 4.53 Let SP be consistenti.r.t. testsetsandtranspaent. If ~ is complete
and compatibleand = is soundand compatibleand SP is unbiasedfor A~,=

thenA € Mod- (SP) impliesA =2 TAx(SP).

Proof. By inductiononthe structureof SP.

(i) SP=(Z,®,T). From Theorem4.16, sinceA € ChMod. ~(SP) is equivalentto
AR TAx(SP).

(i) SP=SP,USP,. SupposeA € Mod.(SP). Then A € Mod.(SP;) and A €
Mod.(SP). SinceSP is consistentw r.t testsets, by induction hypothesis,
A =S TSPy and A =55 TAX(SPy).  Thus, because SP s

consistentw.r.t test sets,A ):Iei )TAx(SP).

(iiiy SP =translate SP’ with o, with 0: %' — . SupposeAe Mod.(SP). ThenA|s

€ Mod+(SP). By |nduct|onhypothe3|sA| ):Iei TAX(SP’). Hence,by

Theorem4.10,A =5) TAx(SP).

O

In Theoremd4.54,thedual of Theorem4.53,SP is requiredto bevalid for A, ~, =
andtransparenasfollows.

Theorem 4.54 Let SP be consistenti.r.t. testsetsandtranspaent. If ~ is complete
and compatibleand = is soundand compatible and SP is valid for A, ~,=, then
AL TAx(SP) impliesA € Mods (SP).

Proof. Similarto the proofof Theorend.53. O

Dueto thehideoperationjn orderto checkall axiomsof astructuredspecification
SP in a non-compositionalvay, this specificationmay needto be normalisedby a
processimilarto normalisatiorof ordinaryspecificationgBidoit etal., 1999 to give
a specificationnf (SP) = hide sorts S opns F’ in (', ®' T’), which is equivalent
to SP w.r.t. signatureequivalenceand modelclassequality If sucha normalform
nf(SP) canbe computed,n orderto testA againsinf(SP) (andconsequentlySP),
it would be necessaryo testA+ A(A) against(Z/, @' T’), whereA(A) implements
the hiddensortsandfunctions. It is easyto checkthatwheneer the assumption®f
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Theoremd.52hold, A+A(A) =1 .. @ implies A+ A(A) € Mod.((2/,®,T)), and
then, by Definition 4.28, A € Mod..(nf(SP)). Normalisationof specificationswith
testinginterfaceis the subjectof Chapters.

Finally, Figure 4.1 illustratesthe main resultsobtained in this section when
comparingstructuredesting,flat testingandcorrectness.

A € Mod.(SP)

—V +3

-V +3 ~ soundand compat.

~ sound = conplete and conmpat.
= complete SP consisert
Thm.(4.46) SP trangarert

Thm.(4.52)

+v —3
~ conplete +v —3

= sound ~ complete and compat.
Thm.(4.45) = soundand compat.

SP consisert
Thm.(4.51)

—V +3 ~ = compat.
SP consisert transparert
Thm.(4.50)

A € ChMod.. . (SP) AT Tax(sP)

~

+V —3 ~ = conmpaét.
SP consisert Thm.(4.49)

Figure4.1: Structuredesting,flat testingandcorrectness.

4.6 The Obserational Case

Let ObgY) bethe setof obsenablesortsof a signatureX andassumehatVvz, 2’ €

Sgn-vo: ¥ — Z-0(0Obgs’)) C ObgZ). Whenrestrictingbehaioural equalitiesto

beobsenationalequalitiesafamily ~ = (x5 opgs))zesgn Of Obsenationalequalities
canbe defined where~; ongs) = (75 obgz),A)Acalg(s) IS @ Z-0bsenrationalequality
with one obsenational equality for eachZ-algebraA. This sectionis focusedon

obsenationalequalitiesandhow familiesof Z-approximatesqualitiescanbe defined
so that the theoremsof Section4.5 hold. By Proposition 4.6, this family of

obsenationalequalitiess reduction-compatible.
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4.6.1 Structured Testing

For structuredtesting, it is necessaryo definea completeand a soundfamily of
approximateequalitiesw.r.t. the family of obsenational equalities.LetCopgs) be
thesetof all Z-contexts of obserablesortsin ObgZ). Let~ = (=3, ¢)zesign,c<Copgs
be a family of contectual equalities,for example, built from the set C of crucial
contetsasin Section2.4. It is easyto checkthatthefamily = is completew.r.t. ~. In
Example4.22,giventhatlist is anon-obserablesortandint andbool areobsenable
sorts,2; hasheadz) ascrucial contet, whereas>; hasheadz) andis_sorted(z).
Furthermorelet ~ = (~5)scggn be the family of literal set-theoreticagéqualitieson
thevaluesof the Z-algebrasThis family is clearlysoundw.r.t. . Thefollowingis a
corollaryof Theoremsgt.45and4.46.

Corollary 4.55 Let

® ~ = (X5 0bgs))sesSgn and

|

o ~ = (™5,)5eSgn,CCCop <) be anyfamily of Z-contextual equalitiesand

o ~ = (~5)scqgn bethefamily of literal equalitieson valuesof the algebras.

Then

1. If theaxiomsof SP haveonly positiveoccurrencefV andnegativeoccurrences
of 3, thenA € Mod..(SP) impliesA € ChMod- ~.(SP).

2. If theaxiomsof SP haveonly negativeoccurrencefV andpositiveoccurrences
of 3, thenA € ChMod.. ~(SP) impliesA € Mod.(SP).

4.6.2 Flat Testing

For flat testing,from Theorems4.51 and4.52, it is necessaryo definecompatible
families of equalities. It is easyto checkthat~ (from previous subsection)s not
translation-compatibléor the samereasonsas~ is not. In Example4.22, this is
dueto the obsenrer is_sorted which is addedin Z,. Let SP preservegncapsulation
thatis, for all 0 : ¥ — X arisingin SP, Z doesnot introducenen obsenationsfor
correspondingortsin 2’. In Example4.22,this meanghatis_sorted hasto bedefined
in Z; andZ, andcannotbe hidden. Clearly, if this restrictionis applied,both~ and
~ are alwayscompatible. By Proposition4.4, ~ is compatible. The following is a
corollaryof Theoremgt.51and4.52.
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Corollary 4.56 Let

e SP beconsistentv.r.t testsetsand preserveencapsulatiorand

e ~ = (=5 0bgs))zesSgn and

2

o ~ = (~3,¢)5eSign,cCop «5) be anyfamily of Z-contextual equalitiesand

o ~ = (~5)scqgn bethefamily of literal equalitieson valuesof the algebras.

Then

1. If theaxiomsof SP haveonly positiveoccurrencefV andnegativeoccurrences
of 3, thenA € Mod..(SP) impliesA =[°2%) TAx(SP).

2. If SP is transpaent and its axiomshave only negative occurrencesof V and
positiveoccurrencef 3, thenA ):L‘fi(sp) TAX(SP) impliesA € Mod. (SP).

It practice,evenif SP doesnot presere encapsulationit is possibleto definea
compatiblegfamily = by focusingonthesignaturesvhich arisein SP anddetermining
asinglesetof contets C for eachnon-obserablesort.

4.7 Application

In this section structuredandflat testingfrom specificationsvith testinginterfaceare
comparedhroughanexamplein CAsL. Theintentionis to furnisha morecomplete
explanationof the pointsunderlinedn Sections4.5and4.6 andassesstructurecand
flat testing.

For the sale of simplicity, specification-bilding operationslike thenand and
(commentedbn at the beginning of Section4.4) are not decomposedinto the
correspondingombinationof unionand translate Thus,the semanticof thenand
and(obtainedby expandingthe definitionsof theseoperationsyre presentedelow.
Givena specificationa setof sortsandfunctiondeclarationsa setof axioms,anda
testset, thenproducesa new specificationrwhosemodelsarethe onesof the former
which alsosatisfythe new axiomswith the new testset.

Definition 4.57(Then) Let SP’ be a structued specification,S be a setof sorts,
F bea setof opemtions,z = Sg(SP") U(SF), T bea Z-testsetand @ be a setof
>-sentencesThenSP = SP’ then sorts Sopns F axioms @ test set T is definedas
follows.
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def

e Sg(SP) =

o Ted(P) = Tet(P)U T

o Mod-(SP) = {A€Alg(Z) | Alsgisp) € Mod(SP) and A |=~ ®}

e ChMod.. ~(SP) = {A€ Alg(Z) | Alggs) € ChMod. ~(SP') and AT .. @}

The arbitraryunion or sumof two specificationswith distinct signaturegjivesa
new specificatiorwhosemodelsarethe onesthat,whenreducedo thecorresponding
signaturesaremodelsof bothformerspecifications.

Definition 4.58(And) Let SP; and S be structured specificationsvith 2; =
Sg(SPp) and>, = Sg(SP,). LetZ =23 U, ThenSP = SP; and SP, is definedas
follows.

def

e Sg(SP) =
o Ted(SP) = Ted(SPy) U Tes(SPy)
o Modw(SP) £ {Ac Alg(Z) | Als, € Mod(SPy) and Az, € Modx(SP2)}

o ChMod.~(SP) £ {AcAlg(Z) | Als, € ChMod.~(SP) and Als, €
ChMod.. (SP)}

Definition 4.20canthenbe extendedo thefollowing.

Definition 4.59(TestableAxioms (extended) Thesetof testable(visible) axiomsof
a structured specificationSP canbe definedasfollows.

1. TAX(Z,®,T)) £ o
2. TAX(SPLUSP,) 2 TAX(SP1) U TAX(SP2)
def

3. TAx(translate SP’ with ) = o(TAX(SP))

4. TAx(hide sorts S opns F’in ) z TAX(SP') N Sen(Z), where X = Sg(hide
sorts S opns F' in S7)

5. TAX(SP' then sorts Sopns F axioms ® test set T) Zou TAX(SP)

6. TAX(SPL and SP,) = TAX(SP1) U TAX(SP,)
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Obviously, all theoremsin Sections4.5 and 4.6 hold if both thenand andare
taken into account. Moreover, sincetheseoperationscan be definedin terms of
union and translate they inherit the problemsfacedwhen both union and translate
areconsidered.

The next sectionsdranv attention again to the UNIFICATION specification
presentedn Example3.30,shoving how this canbe extendedto a specificatiorwith
testinginterfaceandhow testoraclescanbeplannedor performingstructurecandflat
testing. Theadwantagesndlimitations of structuredandflat testingarehighlighted.

4.7.1 Specifyingthe TestingInterface

In general, specification languageslike CAsL do not support specifications
with testinginterface thatis, they do not provide specialconstructiongor permitting
testsetsto be definedaspartof the specification.Thus, it is not possiblehereto give
realspecificationsvith testinginterface.However, it is possible atleast,to conceve
how this could be donein languagesvith suchsupport. As ary other specification
symbolthatis exported,the testinginterfaceis mappedinto programvalues. Note
thatTed (SP) = (Teg(SP)s)scsons(sig(s)) IS anS-sortedsetwith onesetof valuesfor
eachsort.

Becausdestsetselectionis out of the scopeof this thesis testsetsare presented
heremostly for exemplifying specificationswith testinginterface. They are not
intendedo bethe mosteffective ones.

Example 4.60(TestingInterface) Here FUNCTION, EXPRESSION, SUBSTITUTION
andUNIFICATION, givenin Example3.30,areextendedo specificationsvith testing
interfaceby usinga CAsL-like notationwith anadditionalconstructionnamelytest
setto allow testsetsto be specified.Thetestinginterfacehasto supplyonetestsetfor
eachsortin the exportedsignatureof the specification.In otherto avoid unjustified
repetition,axiomsare omittedin the sequel. We usethe languageof settheoryto
presentestsets.In arealspecificationanguagehis would have to begivenaprecise
semantics.

spec FUNCTION =
NAT

and
STRING

then
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sort function

ops declae : Stringx Nat— function
arity : function— Nat;

vars n : String
i : Nat

« arity(declae(n,i)) =i

testset
TFNat = {O, 3, 5};
TFstring= {"f1","f2"};
TFfunction= 0
end

Due to the then operation, the axiom introduced in FUNCTION is
checled with TFna aringg Py structured testing and with the resulting test
setTes(FUNCTION ) nat,aringy DY flat testing. According to Definition 4.57,
Ted(FUNCTION) is asfollows:

e Ted(FUNCTION)Nat = Ted(NAT)Na U THya and
e Ted(FUNCTION)gring = Te$(STRING)gring U TFaring @and

e Ted(FUNCTION)tundion = T Ffundion

Becauseno function valuesare requiredto checkthe FUNCTION axiom, the
correspondindestset T Frynaion IS definedasempty In the sequel,emptytestsets
will be omittedfrom thetestinterfacefor the sale of presentationThe EXPRESSION
specificatioris extendedasfollows.

spec EXPRESSION =
FUNCTION and
CoNsT and
List [ExPfit sort Elem+— expressionand
FINITESET[VAR fit sort Elem— variablg

then
ops mkc . constant— expression
mk.v . variable— expression
mk f : functionx List[expressiofn — expression

variables : expression— FinSetvariable;
variablesl| : List[expression — FinSefvariable;
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preds is_valid : expression
is_validl : List[expression;

vars

testset

TEunciion= {declare(”f”,0),declae(’g",1),declar(”h”,0),declae("k”, 1),

declae("Vv’,2),declae("w’,2)};

TEconstant= {'d.,'b’,' ¢}
TEvariable = {/X/’/y/,/ Z,}
TEexpression:

{mkf (declae("f",0),]]),
mkf (declae("g", 1), [mkc('d)]),
mkf (declae("g", 1), [mkf (declae("h",0),])]),
mkf (declae("k”, 1), [mkv('x)]),
mk f (declae(”v’, 2), [mkv(’X), mkv("y)]),
mk f (declae("w", 2), [mkf (declae("g", 1), [mkv("y')]), mkec('a)])}

TE istjexpression = {ler...en] | €1...€n € TEexpression N < 5};

hide

variableslis_validl

end

where TEnat, TEsaring and TEginitest(variablg are empty becauseno valuesof the
correspondingortsareneededo checktheaxiomsintroducedn EXPRESSION. Note
that the purposeof having specific test setsdefinedin the testing interface of
EXPRESSION for sortsintroducedin its subspecificationss to make it possiblefor
specifictestdatato be consideredpossiblyof particularinterestin EXPRESSION only.
Testsetsareusuallyselectedaccordingto the axioms(testcases}o be checled. For
example,it may be interestingto considerboth valid andinvalid expressiongiueto
theis_valid function. Also, T Fsundion IS empty
The SUBSTITUTION specifications extendedasfollows.

spec SUBSTITUTION =
EXPRESSION

then

sort substitution
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ops empty : substitution

dom . substitution— FinSefvariable;
rng . substitution— FinSefvariable;
adds : variablex expressionx substitution— substitution
apply . expressionx substitution— expression
applyl : List[expression x substitution— List[expression;
compose: substitutionx substitution— substitution

vars

testset

TSunciion= {declae("f”,0),declare(’g",1),declae(’h”,2),declae("f",3)}
TSonstant= {'d,/b'}
Tsvariable — {le,ly7lzl’l il /jl’/ k/’/\/7/W}
TSxpression= tcUtVUUi_q_ 3 tfi,whee:
tc = {mkc(c)|c € TSonstant
tv = {mkV(V)|V € TS/ariable}
tfo = {mkf(f,[e1... earity(f)]) | f € TSunctionandey .. - Carity(f) € tcutv}

tf = {mkf (f,[e1. .. €xityr)]) | T € TSunction@nder . . . Exity(r) € the 1}
TS istjexpression = {le1...en] | €1...en € TSxpression N < 3};
TSubstitution= Ui—o..4 tS,whee:
tso = {empty
tsc = {add-s(v,e,s) | V€ TSariable/\ € € TSxpression A S€ tS_1}
hide
applyl
end

wherelots of differentvalid expressionandvariablesseemto be necessaryn order
to exercisethe SUBSTITUTION axiomsanddefinea reasonablemumberof different
substitutions.

spec UNIFICATION =
SUBSTITUTION
then

op unify : expressionx expression— substitution

preds is_moregenerl : substitutionx substitution
is_.idempotent : substitution
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axiom
testset
TU@(pression: {e € T39<pression|
Js € TSyubstitution € € TSxpression apply(e, s) = apply(€,s)}
TUsubstitution: Tss,ubstitution
hide
iIs_-moregenerl,is_idempotent
end

where expressionsare restrictedto the oneswhich canbe unified with another
accordingto agivensubstitutionin thetestsetof substitution O

4.7.2 Structured Testing

Structuredtestingconsistsof a numberof testsrecursvely formulatedaccordingto
the semanticof structuredspecifications.In otherwords, structuredtestingverifies
whethera given programis a checkablemodelof a specificationfor a given pair of
familiesof equalities.Specifictestsetsandequalitiesareappliedto axiomsdepending
on their positionin the structure.Also, hiddenaxiomsare checled which presumes
thatanimplementatiorof hiddensymbolss providedtogethemwith theprogramunder
test.

Example 4.61(Unification continued ConsideragainExamples3.30and4.60and

thefamiliesof equalities~ and~ in Subsectiot.6.1. Wheneer thereis no chance
of confusion,specificatiomnamesare alsousedto referto their signatures.Suppose
wewantto seeif agivenprogramA is acheckablenodelof UNIFICATION. According

to Definition 4.28:

A € ChMod~ ~.(UNIFICATION) i f andonly i f

A+ Ay € ChMods ~. (UNIFICATION-H) (4.1)

where UNIFICATION-H is the UNIFICATION specification without hiding the
operationgs_moregenerl andis_idempotentand Ay is animplementatiorof these
operationsThen,by Definition 4.57:
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A+ Ay € ChMod< ~(UNIFICATION-H) if andonlyi f
(A+Au)|sugsTiTuTion € ChMods . (SuBSTITUTION) and (4.2)
A+ Ay ’:Luz dy

where®dy is the setof axiomsintroducedn the UNIFICATION-H specification.Then,
by Definition 4.28:

(A4+Au)|sussTiTuTion € ChMods . (SUBSTITUTION)
if andonlyif (4.3)
(A+Au)lsussTiTuTion +As € ChMod< ~ (SUBSTITUTION-H)

where SUBSTITUTION-H is the SUBSTITUTION specificationwithout hiding the
operationapplyl andAg is animplementatiorof this operation. Then, by Definition
4.57:

(A+Au)lsussTiTuTion T+ As € ChMod< ~ (SUBSTITUTION-H)
ifandonlyif
((A+Au)lsussTiTuTiON +AS)|ExPRESSION € (4.4)
ChMods ~.(EXPRESSION) and

(A+Au)|sussTiTuTion +As L. s

where @s is the set of axiomsintroducedin the SUBSTITUTION-H specification.
Then,by Definition 4.28:

((A+Au)|sussTiTuTtion +As)|ExprEssION €
ChMod- ~ (EXPRESSION)

if andonlyif (4.5)
((A+Au)lsugsTiTuTion +As)Expression A€ €
ChModx ~ (EXPRESSION-H)

where EXPRESSION-H is the EXPRESSION specification without hiding the
operationsvariableslandis_validl, and Ag is animplementatiorof theseoperations.
Then,by Definition4.57:
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((A+Au)|susTiTuTion +As)|[Expression +AE €
ChMods ~ (EXPRESSION-H)

ifandonlyif
(((A+Au)lsussTiTuTioNn TAs) ExPrESSION +AE)IBAND € (4.6)
ChMods ~.(BAND)
and

TE
((A+Au)|suestiTuTion +As)|Expression TAE Faon PE

where®g is thesetof axiomsintroducedn the EXPRESSION specificatiorandBAND
correspondso:

FuncTioN and CoNsT and
LisT[EXP fit sort Elem — expressiofand

FINITESET[VAR fit sort Elem — variable|

Let B represen(((A+Au)|sugstitution + As)|Expression + Ag)IBanD:
Then,by Definition 4.58:
B € ChMod< ~.(BAND) if andonlyif
BlFuncTion € ChMods ~.(FUNCTION) and
Blconst € ChMods . (CoNsT) and (4.7)
Bl 1st{EXP] € ChMod< ~ (LIST[EXP]) and
BlFiniTESET VAR € ChMOds - (FINITESET[VAR])

Thenby Definition 4.57:

B|FUNCT|ON S ChMOd@~g(FUNCT|ON) |f and Only |f

4.8
(Bl[runcTion)INaT € ChMods . (NAT) and B|ryncTion Fa~ PF 4.8)

where®r is the setof axiomsintroducedin the FUNCTION specification.Lik ewise,
by Definition 4.13:

Blconst € ChMods ~(ConsT) if andonlyif B|const Fre Pc 4.9)
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where®¢ is thesetof axiomsintroducedn the CONST specificationln thiscase ®c
is empty Thus,the conditionabove is alwaystrue. Notice that, by the definition of
genericspecificationsandfitting parametern CAsL, LIST[EXP] is ashortenedorm
of:

[ELEM with oy p| then ELEM then LIST[ELEM]

where ogyp is the fitting mapping from Elem to expression Likewise
FINITESET[VAR] is ashortenedorm of:

[ELEM with oy/5g] then ELEM then FINITESET[ELEM]

whereoy/, g is thefitting mappingfrom Elemto variable. For the sake of simplicity,
it is assumedhatthefollowing holds:

BlListiExp, € ChMods ~ (LIST[EXP]) and
BlFiniTESETVAR) € ChMOds . (FINITESET[VAR]) and
(BlFuncTion)INaT € ChMods -~ (NAT)

Thenby (4.2),(4.4),(4.6)and(4.8),structuredestingcorrespondto thefollowing
tests:

A € ChMod< ~ (UNIFICATION) i f andonly i f
A+ Ay =1 @y and
(A+Au)IsusTiTuTion +As FL Psand
((A+Au)|syssTiTuTion +As)|Expression +AE FE% ®e and
((A+Au)|sygstitution +As) | Expression +AE)IFuncTion Frix PF

As mentionedn Example3.30, the is_.moregenerl axiom has one positive
occurrencef ¥ andonepositiveandonenegative occurrencef 3. So,we assumeéhat
@y containsonly thedirectionof implicationof this axiomwherethe occurrencef 3
is negative sothatCorollary4.55canbeapplied.Otherwise SP hasto be unbiasedor
A, ~,= (seeTheorem4.47). In both casesonly incorrectnesganbe detectedvhen
theabove testsareperformedunlesseitherUNIFICATION is valid andunbiasedr all
testsetsareexhaustve.

In orderto perform thesetestsit is necessaryo supply Ay, As and Az — an
implementationof the hidden operations— togetherwith the programunder test.
Obviously, variables| is_validl and applyl are easy to implement. However,
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is_moregenerl andis_idempotentmay demandmuch more effort. In addition, a
completeanda soundfamily of equalitieswith oneequalityfor eachtestis needed,
that is, a pair of approximateequalitiesfor eachof the following signaturesand
their sorts: UNIFICATION-H, SUBSTITUTION-H, EXPRESSION-H and FUNCTION.

Supposehesecorrespondo the familiesdefinedin Subsectiom.6.1. An oraclein

SML for thefirst axiomin thefirst testcanbe definedasfollows.

fun unify o = o _forall TU expression (fn e =>
o_forall TU expression (fn e =>
o_exists TU substitution (fn s =>
eqs_U(appl y(e, s),apply(e’,s))) inplies
((eqc_U(apply(e,unify(e, e )),apply(e’ ,unify(e, e"))))
andal so
(o_forall TU substitution (fn s’ =>

eqs_U(apply(e,s’),apply(e ,s’)) inplies
is_noregeneral (unify(e,e),s’)))
andal so
i s_idenpotent (unify(e,e’)) ) ))

whereTU_expr essi on andTU_subst i t uti on arethe testsetsdefinedin the
interfaceof the UNIFICATION-H specification, eqc_U is a complete family of
equalitieson UNIFICATION-H, with oneequalityfor eachsort,andeqs _Uis asound
one. In addition, note that hiddencrucial contexts like is_-moregenesnl(z) and
is_idempotentz) may be usedto definethe completeequality on substitutionto be
appliedin thefirst test. O

4.7.3 Flat Testing

Flat testingconsistsn checkingwhetherthe unstructuredsetof visible axiomsof a
structuredspecificationholds in an algebrawhen consideringthe resultingtest set
andtwo given families of equalities. Hiddenaxiomscannotbe testedand, in order
to interpretthe resultsof tests,families of equalitiesare requiredto be compatible.
Testsetsmustalsobe consistenthroughoutthe structureof the specificationjn the
sensehatthey may needto coincidefor the samesortin differentsignaturest each
occurrencef unionand,consequentlyat eachoccurrencef thenandand Also, the
specificatiormayberequiredto betransparentr visible w.r.t. testsets.

Example 4.62(Unification continued Look againat Examples3.30 and 4.60 and
considerflat testinginsteadof structuredtestingin Example4.61. A programA
satisfiedJNIFICATION by flat testingrequires:
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A):L?i(UNlF'CAT'ON) TAX(UNIFICATION) (4.10)

where,by Definitions4.28and4.59:

TAX(UNIFICATION) = TAX(UNIFICATION-H) N Sen(UNIFICATION)

Teg(UNIFICATION) = Teg(UNIFICATION-H) N TyNIFICATION (4.11)

where UNIFICATION-H is the UNIFICATION specification without hiding the

operations is_-moregenerl and is_.idempotent Notice that (4.11) establishes
that axioms which refer to these hidden operations are not included in

TAX(UNIFICATION). Similarly for testsets.Then,by Definitions4.57and4.59:

TAX(UNIFICATION-H) = TAX(SUBSTITUTION) U @y

Ted(UNIFICATION-H) = Ted(SUBSTITUTION) U TU (4.12)

wheredy is the setof axiomsintroducedn the UNIFICATION-H specification.Then,
by Definitions4.28and4.59:

TAX(SUBSTITUTION) = TAX(SUBSTITUTION-H) N
Sen(SUBSTITUTION) (4.13)
Ted(SUBSTITUTION) = Ted(SUBSTITUTION-H) N TgygsTITUTION

where SUBSTITUTION-H is the SUBSTITUTION specificationwithout hiding the
operationapplyl. Then,by Definitions4.57and4.59:

TAX(SUBSTITUTION-H) = TAX(EXPRESSION) U ®g

Ted(SUBSTITUTION-H) = Ted(EXPRESSION) U TS (4.14)

where ®g is the set of axiomsintroducedin the SUBSTITUTION-H specification.
Then,by Definitions4.28and4.59:

TAX(EXPRESSION ) = TAX(EXPRESSION-H) N Sen(EXPRESSION)

Ted(EXPRESSION) = Ted(EXPRESSION-H) N Ty pression (4.15)

whereEXPRESSION-H isthe EXPRESSION specificatiorwithout hidingtheoperation
applyl. Finally, by Definitions4.57,4.58and4.59andobvioussimplifications:
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TAX(EXPRESSION-H) = TAX(FUNCTION) U ®g

Tes(EXPRESSION-H) = Teg(FUNCTION) U

(
Ted(CoONST) U

(

(

Ted(LIST[EXP]) U (4.16)

Ted(FINITESET[VAR] ) U
TE

Ted(FUNCTION) = Tegd(NAT) U Ted(STRING) U TF (4.17)

where ®@g is the setof axiomsintroducedin the EXPRESSION-H specification. In
(4.16),we assumedhataxiomsin LIST[EXP] andFINITESET[VAR] alwayshold, so
they arenot considered.

It canbenoticedthat TAX(UNIFICATION) doesnotincludeary axiomreferringto
the functionsortwhoseoperationsaredefinedin termsof hiddenaxioms. Lik ewise,
the main unificationaxiomcannotbe checled becausét refersto hiddenoperations,
which is an extreme dravback of flat testing when used for the UNIFICATION
specification.

Now considerCorollary 4.56 and the soundfamily of equalities~ definedin
Subsectiom.6.1. Notice that UNIFICATION does not presere encapsulation,
since is.moregenerl and is_idempotent are substitution obseners added in
UNIFICATION-H by the thenoperation.However, a completeandcompatiblefamily
of equalities,namely~, canbe defined,in this particularcaseandfocusingon the
signaturesarising in UNIFICATION, by not taking the obseners which causethe
problemas crucial contexts. Nevertheless, it is important to remember that
the compatibility conditionson families of equalitiesare dueto translateand hide
Supposés_moregenel andis_idempotenareintroducedn SUBSTITUTION-H. Then
UNIFICATION doesnot preseresencapsulatiomgainsincethesesymbolsarehidden.
Therefore hidetogethemwith and thenandtranslateshouldalwaysbe carefullytaken
into account.

In addition,in orderto interpretthe resultsof flat testing, it is alsonecessaryo
checkwhetherthe UNIFICATION specifications consistentv.r.t. testsets.Thus,the
following mustcoincide:

1. Ted(NAT)na and THRya from (4.17)
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3. Teg(FUNCTION ) nat,aringy @nd TE{nat,sring) from (4.16)
4. TeS(CONST)CorBar[ and TEcon$ar[ from (416)

5. Tex(FINITESET[VAR] )variable and T Eyariaple from (4.16)

6. Ted ( EXPRESSION ) {Nat,Sring,congart,variable expressior} and

TS{NaI,Sring,constart,variable,e(pressior} from (4- 14)

7. TeS(SUBSﬂTUT'ON){NaI,Sring,conztart,variable,e<pressior,\sub$itution} and
TU{NaI,Sring,con:tart,variable,expressior,lsubssitution} from (4-12)

Notice that somesimplificationswere appliedabove by relying only uponsorts
referredto by testableaxioms. For instance,Teg (FUNCTION) fynaion @nd T Etundion
neednot coincide, since function is only referred to by hidden axioms in the
EXPRESSION-H specification. The sameappliesto Ted (EXPRESSION ) tungion @nd
TStundion. Also, dueto Definition 4.34, T Sgupsitution Neednot be consideredw.r.t.
EXPRESSION.

Clearlythe UNIFICATION specificationaspresentedn Example4.60may not be
consistentv.r.t. testsets. The conditionsabore may not hold, except6 which holds
partially, as TUsupsitution = T Ssubsitution = Te4(SUBSTITUTION )subsitution. ThUS,in
orderto performflat testing, it is necessaryo modify the specificationsothat TF,
TE, TSandTU aredefinedaccordingto the rulesabove. This illustratesanother
limitation of flat testingregardinglack of flexibility to definetestsets. In fact, flat
testingcanmake testinginterfaceslook lik e a bit awkward and not very interesting.

For example,TEnat, sring consart variabley Mustbe definedasfollows:

TEna = Ted(FUNCTION )nat;
TEgring = Tes(FUNCTION )gring;
TEcongart = Te€4(CONST )consan;

TEvariable = Te2(FINITESET[VAR] )variable;

where only TEtungion, TEexpression TElistjexpression @Nd TErinitestjvariablg €an
be chosenindependentlyof their counterpartsn FUNCTION, LIST[EXPRESSION]
andFINITESET[VAR], insofar asthesesortsarenot referredto by ary visible axiom
of EXPRESSION. On the otherhand, T Sxpressionmustcoincidewith its counterpart
Ted (EXPRESSION )expressionWhich is not necessarilyequalto T Eepression insofar as
Ted (LIST[EXP] )expressionmaynotbeemptyandit neednotcoincidewith T Eepression
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Finally, anoraclefor checkingthe UNIFICATION specificatiorby flat testingcan
bedefinedin SML asfollows:

fun unification_ o =
function_o andal so expressi on_o andal so substitution_o

val function o =
o_forall T_string (fn n =>o_forall T_int (fni =>
arity(declare(n,i)) =1))
val expression_o =
o forall T _constant (fn c =>
(is_valid(nmk_c(c))) andal so
(variables(nmk_c(c)) = enptyset)) andal so
o_forall T_variable (fn v =>
(is_valid(nk_v(v))) andal so
(variables(nk_v(v)) = add(v, enptyset)))

val substitution o =
(o_forall T_variable (fn x =>
o forall T expression (fn e =>
o_forall T_substitution (fn s =>
(not (elemX(x,dom(s))) andal so
not (eqc_U(e,nk_v(x)))) inmplies
(donm(add_s(x,e,s)) =
(uni on(add(x, enptyset), dom(s))) andal so
rng(add_s(x,e,s)) =
(union(variabl es(e),rng(s))))))))) andal so
(o_forall T _expression (fn e => apply(e,enpty) = e))

(o_forall T_substitution (fn s =>
o forall T _substitution (fn s’ =>
o_forall T_substitution (fn s’ =>
(eqgc_U(compose( e, enpty), s) andal so
eqc_U(conpose(enpty, s),s)) andal so
(eqgc_U(conpose( compose(s,s’),s’ '),
compose(s, conmpose(s’,s ’))))))))

whereeqc _U is a completefamily of equalitieson sortsof UNIFICATION andT_s
is Teg(UNIFICATION )s for s € sorts(UNIFICATION ). For the sale of simplicity, it is
assumedhatFiniteSejvariable] is anobsenablesort. O
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4.8 Concluding Remarks

In orderto overcomethe oracleproblemin the context of structuredspecifications,
restrictions on both specificationsand test suites may be needed. For flat
specificationsthe useof sound/completapproximateequalitiesandassumptionsn
the presence/absenad quantifiersare required. However, structuredspecifications
introducefurther complicationsto the oracleproblem. For instance equalitiesover
differentsignaturesnight be neededor tackling differentpartsof the specification
andthesemight be requiredto be compatible with signature morphisms. Also,
differenttestsetsfor differentpartsof a structured specification can be defined.
Furthermorehiddensymbolsmay be definedin the specificatiorandnot necessarily
implementedn the programundertest.

Contraryto flat testing,providedthatfamiliesof approximatesqualitiesvhich are
sound/completeanbe defined,previousresultson the useof approximatesqualities
presentedh Chaptel3 canbegeneralisedor structuredestingwithoutarny additional
restrictionssince structuredtestingis based on the compositional semantics of
specifications. Structuredtesting demandsan implementationof hidden symbols
whichis areasonableequirementbut it cannotalwaysbe met.

Flat testingis morelimited thanstructuredesting(seeFigure4.1). For instance,
in order to interprettest results, specificationsare requiredto be consistentw.r.t.
testsetswhich may impedecertaintestsfrom being performed. Moreover, these
specificationsmay need to be transparentthatis, have no occurrence®f hide
unlesseither hidden axioms can be replacedby their visible consequenceser the
specificationcan be normalisedwhich may be complicatedfor large specifications,
not to mentionthe lossof structure.Furthermoreflat testingcanonly beinterpreted
if the equalitiesconsideredelongto familieswhich are compatiblew.r.t. signature
morphismsin theobsenationalcase signaturesnaynotbeallowedto addobsenrers
for sortspreviously introducedn othersignatures.
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This chapterinvestigatesthe use of normalisationfor testing from structured
algebraicspecifications. The intention is to computea related, possibly simpler,
specificationnamelythe normal form, anduseit to testprogramsasan alternatve
to approachepresentectarlier In orderto addresghe oracleproblem,two extreme
stylesof testingarepresentedn Chapter4, namelystructuredtestingandflat testing
Wheneer neitherstructurednor flat testingcan be effectively applied,a combined
style basedon the useof normalforms, namely semi-structued testing can be
considerednstead.In this chapter three normal forms are presentedfor coping
with some obstacles encounteredwhen testing from structured specifications
[Machado,2000a]. Furthermorejt turnsout that, undercertaincircumstancesests
basedon normal forms canbe more rigorousand effective than testsbasedon the
original specification.

115
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5.1 Normalisation and Testing

Normalisatiorof ordinaryspecificationgspresentedh [Bidoit etal., 1999, basedn
thelaws of modulealgebraBergstraetal., 1997, aimsat producinga flat versionof
a structuredspecification the normalform, which is equialentto the original w.r.t
signatureand model class. There,the intentionis to use normalisationto define
non-compositionaproof systemdor deriving theoremsof a specificationfrom a flat
setof its axiomsby usingsomestandardoroof systemof the underlyinginstitution.
Ontheotherhand,compositionaproof systemgerformderivationsaccordingto the
modularstructureof specificationsallowing proofsto be constructedn a structured
way. The dravback of normalisationis the loss of structurewhich can be crucial
for large specifications Neverthelessin practice,onemay needto combinethe two
approachesothatnormalformsarecomputedor somepartsof the specificatiorand
compositionaproof systemsareconsideredor the overall specification.

Accordingto Chapter4, testingfrom structuredspecificationcanbe doneeither
in a purecompositionabr non-compositionalvay, namelystructuredtestingandflat
testingrespectiely, wherestructuredtestingis moreflexible thanflat testingin the
sensehat oraclescanbe given underfewer assumption®n tests. Structuredesting
correspond4o membershipn the classof checkablemodels,whereasflat testing
correspondso testingsatisactionof visible axiomsaccordingo theresultingtestset
computedrom the specification Structuredestingmay requiredifferentpartsof the
specificatiorto be checledseparatelyandalsoanimplementatiorof hiddensortsand
functions.Again, structuredandflat testingaretwo extremewaysof testingstructured
specificationsand, in practice, mary advantagescan arise from combiningthem.
Normalisatiomappears$o beaway of makingit possibleto perform“semi-structured”
testing,whereprogramsaretestedagainstspecificationsn a compositionalay, but
somepartsof specificationarereplacedy their correspondingnormalforms. Also,
normalisationgivesrise to a non-compositionastyle of testingin which oraclescan
be given underfewer assumptionsandso, dealingmore effectively with the oracle
problem. Moreover, hiddenaxiomscan be more appropriatelyhandledas hidden
definitions are grouped. Furthermore,under certain circumstancesnormalisation
canmalke testingexperimentsmorerigorousin the senseof reducingthe numberof
incorrectprogramsaccepte@ndcorrectprogramsejected.

In the sequel,three normal forms are presented. Testing from the original
specification,pure structuredtesting, and flat testingare comparedo testingfrom
the normalforms, shaving underwhich circumstanceshe conclusionsof Theorems
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4.45and4.46andTheoremgt.51and4.52canbe metwhentakingthe normalforms
into account. Example4.22 is usedoto illustrate the normalforms. Moreover, the
basisfor effectively testingfrom specification€omposef structuredspecifications
and normal forms is provided. As in Chapter4 (seeDefinition 4.18), structured
specificationaredefinedusingthe specification-hilding operationsunion translate
and hide[Wirsing, 199Q SannellaandTarlecki,1997,Hennicler, 1997.

This chapteris structuredasfollows. Section5.2 presentdhe con normalform
which incrementstest setsin the testinginterface at eachoccurrenceof the union
operation. Section5.3 describesan extendedversionof the normalform presented
in [Bidoit etal.,1999], namelythe nf normal form, for specificationswith testing
interface. Section5.4 presentshe strict normal form (snf) where eachaxiom is
explicitly associateavith atestset.

5.2 The con Normal Form

Whentestingfrom a specificationSP by structuredtesting, axioms are checled
accordingto the testsetdefinedin the subspecificatiorthey belongto. On the other
hand,flat testingconsidersonly Ted(SP), the visible part of the combinedtestset.
Clearly, axiomscanbe checledwith differenttestsetsin theformerandin thesecond
approachmainly when SP hasoccurrence®f union (seeExample4.44). Unless
specificationsare consistentw.r.t test sets,due to union and translate and hide is
takeninto accountanoraclein the secondapproactcannotbe given (seeTheorems
4.51and4.52).

If SP is compatible w.r.t test sets, the con normal form producesa new
specificationfrom SP which is consistentv.r.t. testsetsby incrementingestsetsof
eachsortateachoccurrencef the unionoperationwhile keepingthe structureof the
formerspecification.Theintentionis to allow non-compositionahpproachesk e flat
testingto be performedfrom the con normalform sothatthey canbe appropriately
interpretedaccordingto the classof real models. Neverthelessstructuredtesting
can also take advantageof incrementingtest sets, since specificationswith testing
interfacecanbeincrementedy additionaltestsetswithout compromisingthe final
interpretationprovidedthatassumptionsn quantifiersaremade(seeTheoren3.20).
Actually, addingtestsetscanmake the testingexperimentmorerigorous. This might
seemto beobviousif the specificatioraxiomshave only positive V (andnegative 3).
However, thisis lessobviouswhenthe specificatiorhasonly positive 3 (andnegative
Y), since,in this context, moreprogramsareacceptedvhentestsetsareincremented
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(seeTheorem3.20). Specificationcanbeincrementedy testsetsasfollows.

Definition 5.1 (IncrementedSpecifications) Let SP be a structured specification
andT’ bea Sg(SP)-testset.

1. If SP=(5,®,T), theninc(P,T') = (=, ®, TUT/)
2. If SP=SPLUSP;,, theninc(SP,T') = inc(SPy, T') U inc(SP,, T')

3. If SP = translate SP’ by o, theninc(SP, T') = translate inc(SP, {t € Ty |
o(t) e T'}) by o,wheeo: ¥ — Z, Sg(SP) = Z andSg(SP) =%

4. If SP = hide sorts S opns F’in SP’, theninc(SP, T’) = hide sorts S opns F’
in inc(SP, T')

Lemmas5.2 and 5.3 below relatetestingfrom an incrementedspecificationto
structuredestingfrom the original one. Let SP be a structuredspecification;,T’ bea
Sg(SP)-testsetandA bea Sig(SP)-algebra.

Lemma5.2 If the axiomsof SP haveonly positive occurrencesof V and negative
occurrencesf 3 thenA € ChMod. - (inc(SP,T')) impliesA € ChMod.. -~ (SP).

Proof. By induction on the structureof SP and Definitions 5.1, 4.23, 4.26 and
4.28. The only interestingcaseto look at is whenSP = (X, ®, T). SupposeA €
ChMod. ~(inc(SP,T’)). ThenA =TI ®. Because® only has positve ¥ and
negative 3, then,by Theoren3.20,A =T . ®. O

Lemmab.3is thedualof Lemmab.2.

Lemma5.3 If the axiomsof SP haveonly negative occurrencesof V and positive
occurrencesf 3 thenA € ChMod.. -~ (SP) impliesA € ChMod. ~(inc(SP, T')).

Proof. Followsthe samepatternasthe proofof Lemmab.2. O

Obviously, from Theorem3.20andunderthe assumptionstatedin Lemmas5.2
and5.3, flat testingfrom incrementedspecificationscanbe moreeffective thanfrom
theoriginal one.

The con normalform givenbelow incrementa specificatiorwith atestsetateach
occurrencef the unionoperatiorsothattheresultingspecificationis consistentw.r.t.
testsetsif the original oneis compatiblew.r.t. testsets.
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Definition 5.4 (con Normal Form) LetSP bea structuredspecificationThenormal
form con(SP) is definedasfollows.
L con((£,0.T) = (Z.O.T)
2. con(SPLUSP,) = con(inc(SPy, T)) U con(inc(SP2, T)),
whee T = Tegd(SPLUSP,)

3. con(translate SP’ by o) £ translate con(SP") by o

4. con(hide sorts S opns F’ in S7) £ hide sorts S opns F' in con(SP)

Proposition5.5 con(SP) is a well-formedspecification.

The reasonwhy con(SP) is a well-formed specificationis thatit hasthe same
structureas SP andincrementsn testsetoccursonly whenunionis reached At this
point, only termsbuilt from visible symbolsrelative to the correspondingagument
specificationandnot to the overall specificatiorareadded(seeitem 2 in Definition
5.4, and Definition 5.1). Thus,nameclashescannotoccurandtestsetsin the outer
structurecanalwaysbedefinedfrom testsetsin theinnerstructure For ary signature
morphismo : ¥’ — Z usedwith translatesortss € sorts(X) which do notcorrespond
to ary sortin sorts(Z’) do not have their testsetsincremented.

Thefollowing arepropertiesof specificationsn con normalform.

Proposition 5.6
1. If SPis compatiblew.r.t testsetsthencon(SP) is consistentv.r.t testsets.

2. If SPis consistentv.r.t testsetsthenSP = con(SP).
3. con(con(SP)) = con(SP).

In Example 4.22, con(IntList) is consistentw.r.t. test set if IntList is
compatible, thatis, T, is defined from symbols in Z; only. Otherwise,
Ted(con(inc(SList1, T)))ist C Teg(con(inc(SList2,T)))ii¢ With T = Teg (SList1)
U Teg(SList2), but Ted(con(inc(SListl,T)))is # Ted(con(inc(SList2,T)))ji-
Also, if T = Ty, thenlntList is consistentv.r.t. testsets.
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5.2.1 Structured Testingand the con Normal Form

Obviously, the classof real modelsof a specificationSP correspond®xactly to the
classof real modelsof con(SP), sinceMod., doesnot take testsetsinto account.
However, becausesSP and con(SP) have differenttestsets,the classef checkable
modelsof SP andcon(SP) arenotequivalent. Theimplicationin bothdirectionsholds
only undercertainassumptionsn quantifierswhich arecontradictory(seeTheorems
5.7and5.8belaw). Let SP bea structuredspecificatiorandA bea Sg(SP)-algebra.

Theorem 5.7 If the axiomsof SP haveonly positiveoccurrencesof V and negative
occurrencef 3, A € ChMod. ~(con(SP)) impliesA € ChMod.. ~(SP).

Proof. By inductionon the structureof SP. The only interestingcaseto look at is
whenSP = SP; U SP,. SupposeA € ChMod. ~(con(SP)). Then,by Definitions5.4
and4.23,A € ChMod. ~(con(inc(SPy, T))) andA € ChMod.. ~(con(inc(SP,, T))),
whereT = Teq(SP,USP;). By inductionhypothesisA € ChMod.. ~(inc(SP, T))
andA € ChMod. ~(inc(SP,,T)). Thus,by Lemma5.2, A € ChMod. ~(SP;) and
A € ChMod. ~(SP,). Hence A € ChMod.. ~(SP). O

Obviously, the corverseholdsif theassumptionsf Lemmab.3arefulfilled.

Theorem 5.8 If the axiomsof SP haveonly negative occurrencesof V and positive
occurrencef 3, A € ChMod. -~ (SP) impliesA € ChMod.. -~ (con(SP)).

Proof. By Definition5.4andLemmab.3. O

The following corollariesrelatethe classof checkablemodelsof the normalised
specificationto the classof real modelsof the original specification. Notice that if
A is arealmodelof SP, then,by Corollary 5.9 below (if its conditionshold), A is a
checkablemodelof con(SP). By Theorem5.7, A is a checkablemodelof SP. This
meanghatunderthe assumptionsf Corollary5.9 andTheorem5.7,it maybe more
interestingto testfrom the con normalform insteadof the original specification.

Corollary 5.9 If ~ is complete = is soundandthe axiomsof SP haveonly positive
occurrencesof vV and negative occurrencesof 3 then A € Mod.(SP) impliesA €
ChMod. ~(con(SP)).

Proof. SupposeA € Mod.(SP). Then, A € Mod-(con(SP)). Thus, by Theorem
4.45,A € ChMod. ~(con(SP)). 0
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Thedualof Corollary5.9 presentedbelow follows from Theorend.46.

Corollary 5.10 If ~ is sound= is completeandthe axiomsof SP haveonly negative
occurrencefV andpositiveoccurrencesof 3 thenA € ChMod.. ~(con(SP)) implies
A€ Mod.. (SP).

The normalform con(SP) canbe moreefficient than SP in the sensethatif the
conditionsof Theoremb.7 andCorollary 5.9 aremet, thentestingfrom con(SP) can
acceptfewer incorrectprogramsthantestingfrom SP (seeFigure5.1). Similarly, if
the conditionsof Theoremb.8 andCorollary5.10aremet,thentestingfrom con(SP)
canrejectfewer correctprogramshantestingfrom SP. Neverthelessthe classesf
checkablemodelsof SP and con(SP) are unlikely to be equivalent which implies
that con(SP) cannotreplaceSP in the structureof anotherspecification,except
for the casescovered by Theorem 5.7 and Corollary 5.9 whereMod.(SP)
C ChMod. ~(con(SP)) € ChMod. -~ (SP) andandTheorem5.8 andCorollary5.10
whereChMod. ~(SP) C ChMod. ~(con(SP)) C Mod~(SP).

A € Mod.(SP)

+V —3
~ conplete

= sound
Thm.(4.45) and Cor.(5.9)

A € ChMod. ~(SP) A € ChMod. ~(con(SP))
+vV -3
Thm.(5.7)

Figure5.1: Testingfrom the con normalform andstructuredesting.

Example 5.11 Considerthe IntList specificationgiven in Example 4.22. From
Definition 5.4,thenormalform con(I ntList) is asfollows.

hide sorts 0 opns {is_sorted} in
translate (31, ®P1, TNTs,) by oU

<22,¢27T>

1Thereis no suchprecisecharacterisatioapartfrom the apparentasewhereSP is consistentv.r.t
testsets thatis, con(SP) = SP.
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whereT = Ted(SList1l) U Ted(SList2) = o(Teg(List)) UT, = T1 U Ty, the testset
T NTs, isrestrictedo termsof symbolsin %1, @, is thesetof axiomsof List and®; is
the setof axiomsof SList2. Let A beanlntList-algebra.From Definitions4.23,4.26
and4.28, structuredtestingnow correspondso the following tests: A'|s, :Ir;fﬁlzl
®;1 andA Izg-:zZ P, with A = AllggnList) (S€€Example4.44). Obviously, from
Corollary 5.9 and Theorem5.7, if ~ is completeand = is sound,structuredtesting
from the con normalform canbe morerigorousthanfrom the original specification,

sincetestsetsareincrementedn theformer. 0

5.2.2 Flat Testingand the con Normal Form

Flat testing can benefitfrom the con normal form by wealening the consisteng
condition on testsets. Let SP be a structuredspecification. It is easyto seethat
TAX(SP) coincideswith TAx(con(SP)), sinceonly testsetsare changed.and also
Teg(SP) coincideswith Teg(con(SP)), since valueswhich do not belongto the
formerarenotaddedo thelatter.

Lemmab5.12 Teg(con(SP)) = Ted(SP).

Proof. By inductionon SP. The only interestingcaseto look at is when SP =
SPLUSP. Let T =Teg(SPLUSP,).

Teg(con(SPLUSP,))

= Teg(con(inc(SPy, T)) U con(inc(SP2,T))), by Definition5.4

= Teg(con(inc(SP1, T))) UTeg(con(inc(SP,,T))), by Definition4.23
= Ted(inc(SP,T)) UTeg(inc(SP,, T)), by inductionhypothesis

=T, asTed(SP;), Ted(SP,) C T

Accordingly, flat testingfrom the con normalform is equivalentto testingfrom the
original specification.However, whentestingfrom the normalform, the consisteng
conditionin Theorems4.51 and4.52 can be replacedby compatibility. Thus, the
following corollaries are direct consequencesf thesetheoremsand Proposition
5.6(1).Let SP beastructuredspecificatiorandA bea Sig(SP)-algebra.
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Corollary 5.13 Let SP becompatiblew.r.t. testsets.If ~ is completeandcompatible
and = is soundand compatibleand the axiomsof SP haveonly positiveoccurrences
of V andnegativeoccurrencesf 3, thenA € Mod.(SP) impliesA |_Te$ ) TAX(SP).

Proof. Supposeé\ € Mod~(SP). Then,A € Modx(con(SP)). Thus,becauseon(SP)
is conS|stenW r.ttestsets by Theoremd.51,A ):Ieg con(sr)) TAx(con(SP)). Hence,

AL TAKP). 0

Corollary 5.14 Let SP be compatiblew.r.t. testsetsandtranspaent. If ~ is sound
and compatibleand = is completeand compatibleand the axiomsof SP haveonly
negative occurrencesof V and positiveoccurrencesof 4, thenA \_Tes( ) TAX(SP)
impliesA € Mod(SP).

Thereforefrom theabove corollaries the consisteng conditionin Theoremst.51
and4.52(seeFigure4.1)canbereplacedy compatibility(seeFigure5.2). Obviously,
flat testingfrom any two distinctspecificationgorrespondso the sametestingif their
resultingtestsetsandsetsof visible axiomsarethe same.Thus,if SP is compatible
w.r.t. testsets(andnot necessarilyconsistentthenthe conclusionof Theorem4.51
canbereached.But, in practicalterms,this may not represent big improvement,
sincethecompatibleconditionitself canalsosubstantiallylimit theflexibility to define
testsets. For instancethe problemsmentionedn Subsectiort.5.3regardingT, and
the sort operationin Example4.22still arise(seealsoExample4.38,wherereverse
canbeexercisedf IntList is consistenbut notcompatible).

Example 5.15 Flat testingfrom IntList (Example4.44) and from con(IntList) are
exactlythesamesincetheirresultingtestsetsandsetsof visible axiomsarethesame.
However, it comesoutfrom this sectionthat,dueto the con normalform, IntList does
not needto be consistentv.r.t. testsets,but only compatible. This meanghat T, is
requiredto be definedin the scopeof Z1, but it neednot beequalto T;. O

Example 5.16 (Unification continued ConsiderExample4.62. In orderto interpret
the resultsof flat testing, the UNIFICATION specificationis requiredto be either
consistenbr compatiblew.r.t. testsets.In orderto meetthe compatibility condition,
thefollowing testsetsmustbe definedin the scopeof the givensignature:

1. TFvat, TEnat, TSva andTUpg in the scopeof NAT
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A€ Mod.(SP)

-V +3

Cor.(5.14)

+v —3
~ conplete +V -3
= sound ~ conplete and compd.
Thm.(4.45) = soundand compat.
SP conpaible
Cor.(5.13

-V 4+3 ~ = conpat.
SP consisert transparert
Thm.(4.50)

A € ChMod. . (SP) AT TAK(SP)

+V —3 ~ = compat.
SP consisert Thm.(4.49)

-V +3 ~ soundand conmpat.

~ sound = conplete and conpa.
=~ conplete SP compatible
Thm.(4.46) SP trangparert
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Figure5.2: Structuredesting,flat testing,correctnesandthe con normalform.

2. TFaring, TEsring: TSaring @andTUgyring in thescopeof STRING

3. TEcongart, T Songart anNdTUcongan in thescopeof CONST

4. TEyariable T Svariable aNA T Uyariaple i thescopeof FINITESET[VAR]
5. TSupression@Nd T Ugypressionin thescopeof LIST[EXP]

6. TUgybsitution IN thescopeof SUBSTITUTION

Whencomparedo the conditionsstatedin Example4.62, the abose mentioned
seemto be alot wealer. At leastl, 2, 3 and4 areno big deal. However, 5 and6 can
still bequitelimiting, sincebothSuBSTITUTION andUNIFICATION have constructors
onexpressionapply) andsubstitution(unify) which cannotbe exercisedotherwiseby

flat testingsincethey aredefinedby hiddenaxioms.

O



Chapter5 — TheRble of Normalization 125

5.3 The nf Normal Form

The nf normalform extendsthe normalform introducedin [Bidoit etal., 1999 for

ordinary specificationgo deal with structuredspecificationswith testinginterface.
The intentionis to handlethe compleity of structuredspecificationsoy grouping
axioms, taking hiddensymbolsinto account,so that the resultis a flat specification
which exportsvisible symbols. The symbolsof a specificationncludesboth visible

andhiddensymbolsappropriatelyrenamedo avoid nameclashes.

Definition 5.17(Symbols) The symbolsof a structured specificationare definedas
follows.

1. Symbok((Z,®,T)) = =
2. Symbok(SPL U SP,) “ Symbobk(SPy) +gg(sp) Symbok(SP,) (Figure 5.3)

3. Symbok(translate SP’ by o) z PO(Sg(SP') — Symbok(SP),0), whee
0:99(SP) — Sg(SP) (Figure5.4)

4. Symbok(hide sorts S opns F’ in S7) £ Symbok(SP)

wheee diagramsin Figures5.3 and 5.4 are pushoutconstructionschosento rename
all hiddensymbolssothat Sg(SP) C Symbok(SP).

Sig(SP) © %/mb?B(SDz)

I
I
\
I
v

Symbol(SPy) - - "L — - SyMbob(SPy) +gg(sp) SYMbOk(SP,)

in2

Figure5.3: Symbok(SP; U SP,)

In the caseof union althoughthe signatureof SP, SP; andSP, arethe same(and
this is the reasonwhy the diagramin Figure 5.3 is simplerthan the one presented
in [Bidoit etal.,1999]), Symbok(SP;) may not coincidewith Symbok(SP,), because
thehiddensymbolsof SP; andSP, canbedifferent.

Let SP = hide sorts S opns F’ in S?’ be a specification. ThenSP = S5 is
an abbreiation for this useof hide whereZ = Sg(SP') — (S,F’) = Sg(SP). This
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Sg(SP) > Sg (PSP)

Y

Symbok(SP’) - — - - = PO(Sig(SP') — Symbok(S?), o)
Figure5.4: Symbok(translate SP’ by o)

abbreiation is usedhere ratherthan hide to facilitate comparisonwith the usual
normalform construction.

The nf normal form of a specificationSP is a basic specification having
Symbok(SP) asits signaturerestrictedto a signatureSg(SP) of exportedsymbols
definedasfollows.

Definition 5.18(nf Normal Form) LetSP bea structuredspecification.Thenormal
form nf(SP) is definedasfollows.

1. If SP=(Z,®,T), thennf(SP) “ (Z,0,T)|s

2. 1f SP=SPLUSP, and nf(SR) = (Symbok(SR), @i, Ti)|gg(s) | = 1,2, then
def

nf(SP) = (Symbok(SP),iny(®1) Uina(®2),iny(T1) Uinz(T2))|gg) (s€€
Figure5.3)

3. If SP = translate SP" by o and nf(SP') = (Symbok(SP'), @', T') |gq(g), then
nf(SP) & (Symbobk(SP), ¢(¥'),¢(T')) |sg(sp) (seeFigure 5.4)

4. If SP = hide sorts S opns F’ in SP’ and
nf(SP’) = <S]mbOB(SD/), qD,, T/> |3'g(33/),
thennf(SP) = (Symbok(SP'), &', T')|gq(sp)

whee ¢, in1 andin, are extendedo translatetermsandformulas.

The classof realmodelsof a specificatioris equivalentto the classof realmodels
of its correspondingif normalform, provided the family of behaioural equalities
considereds compatible.In the sequel)et SP be a structuredspecificatiorandA be
aSg(SP)-algebra.

Theorem5.19 If ~ is compatible then A€ Mod-(SP) if and only if Ac
Mod..(nf(SP)).
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Proof. By inductiononthe structureof SP.

(1H)SP=(Z,d,T). Trivial.

(iHSP=P,USP,. (=) SupposeA € Mod(SP). Then A e Mod.(SP;) and
A € Mod.(SP;). By induction hypothesis,A € Mod.(nf(SP;)) and A€
Mod.(nf(SP2)), wherenf(SR) = (Zi, ®;, Ti)|gg(sm), With Zj = Symbok(SR),
i = 1,2. By Definition 4.28, Al € Modk((Zi, ®;, Ti)), thatis, Al =~ @i, for
somez;-algebraA sothatA = Allggsp). Let Z = Symbok(SP). By the
AmalgamationLemma(seeSubsectior2.1.1),thereexists a uniquez-algebra
A’ suchthat Al = Allin; (seeFigure5.3). Also, A = Al|gysp). Becausex is
compatible,thenby Theorem4.12, A’ =, inj(®;). ThenA' E, in1(P1) U
inz(q)z), andA’ MO%((Z,inl((‘Dl) Uinz(dbz),inl(Tl) Uinz(T2)>). Thus,A €
Modx((Z,in1(®1) Uina(®2),ing(T1) Uinz(T2))|gg(sp))- («=) Similarly.

(iii YSP = translate S’ by o, with o:Sg(SP') — 9g(SP). (=) Suppose A€
Mod.(SP). Then, by Definition 4.26, Als € Mod+(SP’). By induction
hypothesis Alg € Mod(nf(SP')), wherenf(SP) = (Z', &', T')|gq(s), and
¥’ = Symbok(SP’). By Definition 4.28,A" € Mod~((Z', @', T")), with Alg =
Algg(s), andso, A =, @'. Let = Symbok(SP). By the Amalgamation
Lemma, there exists a unique Z-algebra A” such that A’ = A”|. and
A= A"|gq<p) (see Figure 5.4). By Theorem 4.12, A" =« ¢(®'). So,
A € Modk((Z,¢(@),¢(T"))). Thus, A € Mod. ((Z,6(®),(T)) sgis)) by
Definition 4.28. (<) Similarly.

(iv)SP = hide sorts S opns F'in SP’. (=) SupposeA € Mod.(SP). Then, by
Definition 4.28, A € Mod.(SP'), for some Sg(SP)-algebra such
that A = A'|ggsp)- By induction hypothesis, A’ € Mod.(nf(SP)), where
nf(SP') = (Symbok(SP), ', T')|gq). Then, by Definition 4.28, A" ¢
Mod..((Symbok(SP'),®’, T")), for someSymbok(SP’)-algebrasuchthat A’ =
A'lgg(sp) andA = A”|ggsp). Thus,A € Mod ((Symbob(SP'), &', T') |gq(sp))
by Definition 4.28. (<) Similarly.

O

5.3.1 Structured Testingand the nf Normal Form

Undercertainassumption®n the familiesof equalitieseitherany checkablemodel
of SP is a checkablemodelof nf(SP) or vice-versa. It is importantto remarkthat
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assumptionon quantifiersare due to both the union and hide operations. Thus,
they can be replacedby the assumptiorthat SP is consistentand visible w.r.t test
sets However, the assumption®n quantifiersarerequiredin orderto comparethe
classe®f checkableandrealmodels.So, it is betterstickingto themin thefollowing
theorems.

Theorem5.20 If ~ is reduction-compatible= is translation-compatibleand the
axiomsof SP haveonly positiveoccurrencesof V andnegativeoccurrencesof 3, then
A € ChMod. - (nf(SP)) impliesA € ChMod.. ~(SP).

Proof. By induction on the structure of SP. The only interesting case
to look atis when SP=SP,USP,. SupposeA € ChMod. ~(nf(SP)). Then,
A € ChMod. = ((Z,in1(®1) Uinz(®2),in1(T1) Uina(T2))|sg(sp)), Wherenf(SR) =
(Zi,®i,Ti)|gg(sp), With Zj = Symbok(SR), i=1,2 and = = Symbok(SP). By
Definition 4.28, A’ € ChMod. ~((Z,in1(P1) Uina(®z),in1(T1) Uiny(T2))) for some
>-algebra A’ such that A= A'|gqgp). Then A T;EEQUMZ(TZ) ing(®1) Uing(dy).
Becausethe axiomsof SP have only positive V and negative 3,2 A’ iﬂiz(l)z inj(®;)
by Theorem3.20. By Theorem4.9, Al ):Ez_’iz ®;, for someZ;-algebraAl with
Al = Alin, and A = Allggsp). SO, Al € Chl\/llodlv,i((zi,qbi,m), and then A ¢
ChMod. ~(nf(SR)). By induction hypothesis A € ChMod. ~(SR). Hence,A €

ChMod. ~(SP). O

Theorem5.21 If ~ is translation-compatible= is reduction-compatibleand the
axiomsof SP haveonly neggativeoccurrencef vV and positiveoccurrencesof 5, then
A € ChMod. ~(SP) impliesA € ChMod., ~(nf(SP)).

Proof. Similarto the proofof Theorem5.20. O

Obviously, if thefamiliesof approximateequalitiesconsidereédrecompatibleand
SP is consistenandvisiblew.r.t testsets(assumptionsn quantifiersaarecontradictory
here) thenthe classe®f checkablenodelsof SP andnf(SP) areequialent.

Corollary 5.22 Let SP be consistentand visible w.r.t testsets. If ~ and = are
compatiblethenA € ChMod. ~(nf(SP)) if andonly if A€ ChMod. ~(SP).

2Notethatevenif Teg(SPy) = Teg(SP,), in1(T1) maydiffer frominy(T,) dueto hiddendefinitions.
Thus,ini(Ti) Cin1(T1) Uinz(Ty).
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Proof. Followsfrom Theorems.20and5.21. O

Corollaries5.23 and 5.24 below relate testing from the nf normal form and
membershipn the classof realmodels. Again, ary real modelof SP is a checkable
modelof nf(SP), providedthe pertinentassumptionaremet.

Corollary 5.23 If ~ is complete = is sound,~ is compatibleand the axiomsof
SP haveonly positive occurrencesof V and negative occurrencesof 3, then A €
Mod. (SP) impliesA € ChMod. ~(nf(SP)).

Proof. SupposeéA € Mod..(SP). By Theorenb.19,A € Mod.. (nf(SP)). By Theorem
4.45,A € ChMod.. ~(nf(SP)). O

Corollary 5.24 If ~ is sound,= is complete ~ is compatibleand the axiomsof
SP have only negative occurrencesof vV and positive occurrencesof 3, then A €
ChMod. ~(nf(SP)) impliesA € Mod(SP).

Proof. SupposeA € ChMod. ~(nf(SP)). ThenA € Mod~(nf(SP)) by Theorem
4.46.By Theoremb.19,A € Mod..(SP). 0

Therefore from Corollary 5.23 and Theorem5.20 (Theorem5.21 and Corollary
5.24),testingfrom the nf normalform canbe morerigorousthanfrom the original
specification(seeFigure 5.5). The reasonis that testsetsare biggerin the former
and equality is interpretedin the normal form accordingto the resultingsignature
without export, whereasequalityis interpretedn the original specificatioraccording
to signatureof the subspecificationvherethe axiom beingconsideredelongto. For
instanceleto : ¥’ — . If ~ isreduction-compatiblehereductof ~5 is eitherequal
to or finerthan~ys andif = is translation-compatibléhenthereductof =5 is either
equalor coarserthan=y. Neverthelessaccordingto Figure5.5, structuredtesting
can also be more rigorousthan testingfrom the nf normal form, but undermore
constrainingassumptions.

Contraryto the con normalform, undercertainconditions the classof checkable
modelsof SP andnf (SP) areequivalent(seeCorollary5.22). However, the condition
that SP hasto be consistent(or compatible)and visible w.r.t testsetscan be very
restrictve if one wish to embedthe nf normal into a compositionalapproachto
testing.It canberemarledthatif eitherconditionson equalitiesor conditionson test
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~ conmpaible
Thm.(5.19)
A€ Mod..(SP) A € Mod..(nf(SP))
-V +3 -V +3
~ sound ~ sound
= complete = conplete
+v —3 Thm.(4.46) +v -3 Thm.(4.46)
~ conplete 4V _3 ~ conplete
= sound ~ redcompa. = sound
Thm.(4.45) =~ tran.conpa. Thm.(4.45)
Thm.(5.20)

sP i$.+vis.
A€ ChMod. ~(SP) «— _ = o620 — A€ ChMod. - (nf(SP))

-V +3
~ tran.compd.
= red.compat.
Thm.(5.21)

Figure5.5: Testingfrom the nf normalform, structuredestingandcorrectness.

sets(quantifiers)are not met, we have no resultrelatingtestingfrom the nf normal
form to testingfrom the original specification.

Example 5.25 Consideragainthe IntList specificationpresentedn Example4.22.
FromDefinition 5.18,the normalform nf (I ntList) is asfollows.

nf(IntList) = (22, ®1U P2, Ty UT2) | gg(mList)

where ®; is the set of axioms of List, ®» is the set of axioms of
SList2 andSymbobs(IntList) = Symbok(SList) = 0(%1) +5, 22 = 2>, sincenohidden
symbolsneedto be renamed.Let A be an IntList-algebra. Structuredtestingfrom
the normalform consistsn asingletestA/ E;Tizz ®1 U D, with A= Allgg(intList)-
ConcerningquantifiersthelntList specificatiormatchesCorollary5.23andTheorem
5.20. So, in orderto testfrom the normalform insteadof the original specification
thefollowing mustbe met. From Corollary5.23,~ mustbe compatible.Supposex

is the family of obsenational equalities. This family is compatiblewhen focusing
on IntList, notwithstandingis_sorted which is a list obserer is addedin 2, and

notin 21 andalsois subsequenthhidden. Furthermore,~ needsto be complete
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andreduction-compatibland= needsto be soundandtranslation-compatiblelt is
easyto checkthatarny ~ definedfrom a finite subsetof obsenable contexts is both
completew.r.t. ~ andreduction-compatibleAlso, theliteral equality= is bothsound
andtranslation-compatible. O

Example 5.26 (Unification continued ConsiderExample4.61.The nf normalform
of the UNIFICATION specificationgroupshiddendefinitionsandreduceghe number
of teststo beperformedalthoughthefamily of behaioural equalitiess now required
to be compatible.But, noticethat, if ~ is thefamily of obsenationalequalities, then
it is compatible when focusing on the signaturesarising in the structure of
UNIFICATION. Finally, thefamiliesof approximateequalitiesdefinedthere ,namely~
and~~, arecompleteandreduction-compatibleandsoundandtranslation-compatible
respectrely. It is easyto checkthat testingfrom the nf normalform canbe more
rigorousthanpurestructuredesting,eventhoughthey may not be equivalent,unless
both~ and~ arecompatibleandUNIFICATION is consistentv.r.t testsets. O

5.3.2 Flat Testingand the nf Normal Form

Due to the nf normalform, the compatibility condition on families of approximate
equalitiescan be wealenedfor flat testing. However, the family of behaioural

equalities~ is requiredto be compatible. In fact, testingfrom the nf normalform

is basicallyflat testingfrom the unstructuredetof all specificatioraxiomsincluding

the hiddenones. In addition,the consisteng conditionon testsetsin Theoren4.51

canbe droppedaltogether provided that ~ is compatible(seeFigures4.1 and5.6).

Thefollowing is a corollary of Theorems5.19, 4.45 and 4.9 andan alternatve to

Theoremd.51.

Corollary 5.27 If ~ is complete and reduction-compatibleand = is soundand
translation-compatible~ is compatibleand the axiomsof SP have only positive
occurrences of V and neative occurrences of 3, thenA € Mod.(SP) implies
AETS®) Tax(SP).

N

Proof. SupposeA € Mod.(SP). Then, by Theorem5.19, A € Mod.(nf(SP)).
By Theorem 4.45, A € ChMod. ~(nf(SP)). Then, by Definition 4.28 and
5.18, A |:ISymb wisp Sembasn P Wherent(SP) = (Symbob(SP), @, T)|sq(sp) and

A= Algq(sp). BecauseTed(SP) C T and TAX(SP) C ® andthe axiomsof SP have
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. . Tegd(SP)

only posTltl;/ev andnegative 3, thenA’ ):Nsymbm(sg =~ ymbob(sP TAX(SP). By Theorem
e

4.9,A ):NS o ~sgsn TAX(SP). O

Thedualof Corollary5.27hasa similar proof.

Corollary 5.28 Let SP be transpaent. If ~ is soundand translation-compatible
and = is completeand reduction-compatiblex~ is compatibleand the axiomsof SP
haveonly ngyative occurrencesof vV and positiveoccurrencesof 4, thenA }—Iei <)

TAX(SP) impliesA € Mod.. (SP).

Teg(SP Teg(SP)
Proof. SupposeA ):N&g(sa ~sigsp TAX(SP). ThenA' = ok SP) = SymbobSP TAX(SP)
by Theorem4.10,where A = Al|gyp) and nf(SP) = (Symbob(SP), @, T)|gq(sp)

Because Tet(SP) =T and TAx(SP) =& (SP is transparent), then A e
ChMod.. ~(nf(SP)). By Theorem4.46, A’ € Mod~(nf(SP)). Hence,by Theorem

5.19,A € Mod.(SP). O

A€ Mod. (SP)

-V +3

—v +3 ~ soundand tran.conpat.
~ sound = complete and red.compa.
= conplete ~ conpaible
Thm.(4.46) SP transparert
+V -3 COI’.(5.28)
~ conplete +V —3
= sound ~ conplete and red.conmpat.
Thm.(4.45) = soundand tran.compa.
~ compaible
Cor.(5.27)

—V +3 ~ = conmpa.
SP consisert transparert
Thm.(4.50)

A € ChMod.. ~(SP) AT Tax(SP)
+V —3 ~ = conmpat.
SP consisert Thm.(4.49)

Figure5.6: Structuredlesting,flat testing,correctnesandthe nf normalform.
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Example 5.29 In Example4.22, testingfrom the nf normal form is similar to flat
testing,exceptfrom the factthat,in the former, hiddensymbolsandaxiomsarealso
taken into accountand the testsetis not restrictedto the signatureof IntList. As
mentionedbefore,whenfocusingon I ntList, the family of obsenationalequalitiesis
compatible.Moreover, sincethe compatibility conditionon familiesof approximate
equalitiesis wealenedby the nf normal form, thereis more flexibility to define
families of equalitieseither testing from the normal form (Corollary 5.23) or by
flat testing (Corollary 5.27). Neverthelessnotice that, for flat testing, one could
chosebetweenfulfilling the assumptionf either Theorem4.51 (Corollary 5.13)
or Corollary 5.27. In caseof Example4.22,it is betterrelying on Corollary 5.27.
But, supposéhe following obsereris addedto Z,: idert : list — nat, whichreturns
the identifier of a list. Then, the family of obsenational equalitiesis no longer
compatible.By relying on Theorem4.51, one could definea family of approximate
equalitieswhich is completeand compatible,by taking only obserersin Z; into
account,without needing to change the specification. Furthermore, the main
advantageof testingfrom the normalform over flat testingis to make it possiblefor
hiddenaxiomsto be checled andtestsetsmay be biggersincehiddentermsarealso
considered. O

Example 5.30(Unification continued Due to the nf normal form, flat testing
in Example4.62 can be performedwith more preciseequalities,sincethey areno
longerrequiredto be compatible but the first needsto be reduction-compatiblend
the secondneedsto be translation-compatibleThus, equalitiesdefinedin Example
4.61canbeusedinsteadof theonesin Example4.62. Also, becausex is compatible,
Corollary 5.27 can be consideredwhich meansthat UNIFICATION is no longer
requiredto be eitherconsistenbr compatiblew.r.t. testsets. O

5.4 The snf Normal Form

Thestrict normalform (snf) is similar to the nf normalform, but aimedat achiesing
the main benefitsof the con and nf normalforms by assuringequivalenceof model
classeswhile completelyeliminating the consisteng w.r.t test setsrequirementof
non-compositionahpproaches.In order to drop this consisteng condition, it
IS necessaryo make sureaxiomsareinterpretedaccordingto thetestsetgivenin the
basicspecificationthey belongto. Strict specificationsareflat specificationsvhere
eachaxiomis associateavith atestset.



Chapter5 — TheRble of Normalization 134

Definition 5.31(Strict Specification) A strict specificationSP = (Z, W) with W C
{(Y,T)| Y€ Senz) andT C Tz} is definedasfollows.

o Sg(sP) £ =

¢ Tes(SP) = (UgmewT)

o Mod(SP) = {A€ AIG(Z) | Ariew A~ b}

e ChMod. ~(SP) = {A€ Alg(Z) | Ariew AEL - b}

Thestrictnormalform (snf) of aspecificatiorSP is astrict specificatiorrestricted
by the export operatorgivenin Sectionb.3. Sincestrict specificationsareregardedas
structuredspecificationsthe export operatotis alsoapplicablehere.

Definition 5.32(snf Normal Form) Let SP be a structuied specification.Thestrict
normalform snf(SP) is definedasfollows.

1. If SP= (=, ®,T), thensnf(SP) = (X, W)|s, whee W = {(¢,T)| o ®}

2. If SP=SP,USP, and snf(SP) = @/mbob(SF’.),wiﬂgg(s;l) i=1,2, then
snf(SP) “ (Symbok(SP),iny(W1) Uinz(W2))|gq(sp) (se€Figure5.3)

3. If SP = translate SP' by o and snf(SP') = (Symbok(SP'), W') |gq(sp), then
snf(SP) “ (Symbob(SP), ¢(W'))|sq(sp) (SeeFigure5.4)

4. If SP = hide sorts S opns F’ in SP’ and
Snf(SP’) = <3;rf]’]b0b(33/),w/>|gg(sy),
thensnf(SP) = (Symbob(SP'), W) |gg(sp)

whee ¢, in; andin; are extendedo translatepairs of formulasandterms.
Theclasse®f realmodelsof SP andsnf(SP) areequivalentwheneer the family

of behaiouralequalitiesconsidereds compatible.In thesequellet SP beastructured
specificatiorandA bea Sig(SP)-algebra.

Theorem5.33 If ~ is compatible then A€ Mod-(SP) if and only if Ac
Mod.(snf(SP)).
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Proof. Similarto the proof of Theorem5.19. O

Correspondingly the classesof checkablemodels of SP and snf(SP) are
equialentif thefamiliesof approximateequalitiesarecompatible.Yet this condition
canbewealenedif one is only interestedin one or the other direction of the
implication. Notice that, contraryto the nf normalform, neitherconditionson test
setsnor conditionson axiomsarenecessaty

Theorem5.34 If ~ is reduction-compatibl@nd = is translation-compatiblethen
A € ChMod. ~(snf(SP)) impliesA € ChMod. ~(SP).

Proof. By induction of the structure of SP. The only interesting case to
look at is when SP=SP;USP,. SupposeA € ChMod. ~(snf(SP)). ThenA e
ChMod. ~((Z,iny(W1) Uinz(W2))|sg(sp)), WhereZ = Symbok(SP) andsnf(SR) =
(i, Wi)lsg(sp) With Zj = Symbob(SR), i=1,2. So, by Definition 4.28, A’ €
ChMod. =((Z,iny(W1) Uinz(W2))), thatis, Ay 1)cin, Wy uing(wy) A FLs =5 W, for
somez-algebraA’ with A = A'|gqsp). Then,obviously, Ay 1)cinw) A FL; =, U.
By Theorem4.9, Ay 1)ew, Al ):Izi-:zi Y, for someZ;-algebraAl sothatAl = Al|in
and A= Allgg)- SO0, A € ChMod. ~((Z;,W;)). By Definition 4.28, A c
ChMod. ~(snf(SR)). By inductionhypothesisA € ChMod. ~(SP). Hence,A €
ChMod. ~(SP). O

Theorem5.35 If ~ is translation-compatibl@nd = is reduction-compatiblethen
A € ChMod. ~(SP) impliesA € ChMod.. -~ (snf(SP)).

Proof. Similarto the proof of Theoremb.34. O
Thefollowing corollary shavs thatwe canalways substitutethe strict normal of
SP for SP if theapproximateequalitiesarecompatible.

Corollary 5.36 If ~ and= are compatiblethenA € ChMod. - (snf(SP)) if andonly
if A€ ChMod. ~(SP).

Proof. Followsfrom Theorems$.34and5.35. O
Similar to the nf normalform, testingfrom the snf normalform can be more

rigorousthanfrom the original specification if certain conditions are met (see
Corollary5.37andTheoremb.34).
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Corollary 5.37 If ~ is complete = is sound,= is compatibleand the axiomsof
SP have only positive occurrencesof vV and negative occurrencesof 3, then A €
Mod. (SP) impliesA € ChMod. -~ (snf(SP)).

Proof. SupposeA € Mod.(SP). By Theorem 5.33, A € Mod.(snf(SP)). By
Theoremd.45, A € ChMod.. - (snf(SP)). O

Corollary5.38below is thedual of Corollary5.37.

Corollary 5.38 If ~ is sound,= is complete ~ is compatibleand the axiomsof
SP have only negative occurrencesof vV and positive occurrencesof 3, then A €
ChMod. ~(snf(SP)) impliesA € Mod.. (SP).

Proof. SupposeA € ChMod. ~(snf(SP)). ThenA € Mod.(snf(SP)) by Theorem
4.46.Thus,by Theoremb.33,A € Mod..(SP). 0

Furthermoreasonemight expect, snf normalforms canalwaysbe incremented
by additionaltestsets(accordingto Definition 5.1), but equivalenceof the classeof
checkablamodelscanbelost.

Example 5.39 Consideragainthe IntList specificationpresentedn Example4.22.
FromDefinition 5.32,thenormalform snf(IntList) is asfollows.

snf(IntList) = (Z2,%1UW2)|gg(1mList)

whereW; = {(@,Ti) | @ € &;} with i = 1,2, ®; is the setof axiomsof List, ®;
is the setof axiomsof SList2 and Symbok(IntList) = 2, asin Example5.25. Let
A be an IntList-algebra. Structuredtestingfrom the normal form correspondgo
Aw.T)ew,uw, A |:IZZF22 W with A= A'|ggumList)- Like structuredtesting, hidden
symbolsare taken into accountand eachaxiom is checled with the original test
setassociatedvith it. On the otherhand,like flat testing,axiomsare groupedand
equalitieson a singlesignaturejn this case>,, areused.NoticethatIntList matches
Corollary 5.37. The family of obsenational equalities,~, needsto be compatible,
which is the case. Finally, a completeand reduction-compatiblend a soundand
translation-compatibleamily of equalitiesneedto bedefined(seeExample5.25). Let
~ and= bedefinedasin Subsectior.6.1.In thiscaseijt is easyto checkthattesting
from the snf normalform is morerigorousthantestingfrom theoriginal specification,
since~s, (whichincludesis_sorted asobsenrer)is finerthan~s, . O

3Although strict specificationsarenot consideredn Theoremé.45, it is obviousthatthis theorem
canbeextendedo considethemwithout furtherconstraintsThe sameappliesto Theoremé.46.



Chapter5 — TheRble of Normalization 137

The main advantageof the snf normal form is to allow a combination of
compositionalbndnon-compositionalesting,namelysemi-structuredesting,which
is more likely to be adoptedin practice. For instance,snf normal forms can be
constructedor replacingsomepartsof a specification.especiallywhentheseparts
arecombinedoy union Then,theresultingspecificatiorcanbechecledby structured
testing. For this, strict specificationsare regardedas a new form of structured
specifications. One drawvback of this combinedapproachis that compatibility of
equalitieswhich is not requiredby pure structuredtesting (seeTheorems4.45 and
4.46), hasto be metfor both behaioural and approximateequalities(seeTheorem
5.33andCorollary5.36). How to wealenthis conditionstill needgo beinvestigated.
As mentionedin Section4.6, the family of obsenational equalities~ may not be
translation-compatiblajnlessthe specificatiornpreseresencapsulationConcerning
testsets,testingfrom the snf normalform is similar to purestructuredestingin the
sensdhatthey preciselycomplywith thetestinginterface. Thisis notthe casewhen
the nf andcon normalformsareconsidered.

To summarisefigure5.7 illustratesthe relationshipbetweentestingagainstSP
andsnf(SP) andcorrectness.

~ compatible
Thm.(5.33)
A€ Mod(SP) A € Mod..(snf(SP))
-V +3 -V +3
~ sound ~ sound
4V —3 = conplete 1V —3 = conplete
~ conplete Thm.(4.46) ~ conplete Thm.(4.46)
= sound ~ red.compd. = sound
Thm.(4.45) ~ tran.conpd. Thm.(4.45)
Thm.(5.34)
A€ ChMod. ~(SP) <= ~ = conpa. Cor.(5.36) =—> A € ChMod. ~(snf(SP))
~ tran.compd.
= red.compat.
Thm.(5.35)

Figure5.7: Testingfrom the snf normalform, structuredestingandcorrectness.

Example 5.40(Unification continued Becausethe snf normal form preseres
modelclassequialenceaf familiesof equalitiesarecompatiblewithoutconstrainton
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testsets,this form canbe usedto replacesubspecificationsConsideragainExample
4.61. In orderto reducethe numberof teststo be performedand group hidden
definitions,the SUBSTITUTION specificationcan be replacedby the corresponding
snf normalform, since,whenfocusingon the signaturesarisingin SUBSTITUTION,
the family of behaioural equalitiesis compatibleand the families of approximate
equalitiedefinedn Example4.61larealsocompatibleg/seeCorollariess.36and5.37).
Thenstructuredestingcanbe performedon the modifiedspecification. O

5.5 Concluding Remarks

Normalisationhas beenregardedas an approachfor defining non-compositional
proof systemsfor structuredspecificationssuch that theorems can be derived
in theunderlyinginstitution. In this chapter normalisationis presentedas a
way of simplifying testing from structured specifications and handling the
oracle problem. It is clearthat pure compositionalapproachesanbe inefficient in
practiceandnon-compositionahpproacheareunstructurecndlimited by the oracle
problem. Flat testingcannoticeablybenefitirom normalforms, sincethe conditions
underwhich resultsaresatisactorybecomewealer. Concerningstructuredtesting,
acombinedapproachn which partsof the specificatiorarereplacedoy normalforms
andthe overall specificationis checled by structured testing seemsto be more
promising.For instancethenumberof experimentsiecessarganbereducedmainly
whenthe specificationhassereral occurrence®f union Also, grouping hidden
definitionscanhelp to systematisan implementatiorof hiddensortswhich canbe
a difficult task, but it is essentiako testinterestingpropertiesexpresseddy hidden
axiomswhenthey cannotbe replacedoy their visible consequencedMoreover, tests
from normalforms canbe morerigorousthanfrom the original specifications.This
can be clearly achieved by applying the inc operationand, consequentlythe con
normal form. Regardingthe nf and snf normal forms, if the complete(and the
sound)equalityfor Symbok(SP) whosefamily is requiredto bereduction-compatible
(translation-compatibla} finer (coarserthanthe onesfor the signatureof the parts
of SP, thantestingfrom the normalforms canbe morerigorousaswell. Examplesof
suchreduction-compatiblé@ranslation-compatibléamiliesof approximatequalities
which arecomplete(sound)w.r.t. a compatible family of behaioural equalities
togetherwith how this compatibility condition on approximateand behaioural
equalitiescanbe wealenedare objectof furtherinvestigation. Finally, the classes
of real modelsof the normal forms and the original specificationare equvalent
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(provided that the family of behaioural equalitiesconsideredis compatible,in
the caseof nf and snf).



Chapter 6

Conclusionsand Further Work

“Why does this magnificent applied science
which saveswork and males life easierbring

us so little happiness? The simple answer
runs: becauseve havenotyetlearnedto male

sensibleuseof it.”

A. Einstein
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6.1 ApproximateOracles . ... ... ... ... ... ....... 141
6.2 StructuredTesting. . . . . .. .. ... ... 142
6.3 FlatTesting. . . . . ... ... . . 143
6.4 Normalisation . ... ....... ... ... ... ....... 144

Theoracleproblemfor testingprogramsagainsstructuredalgebraicspecifications
expressedn first-orderlogic is the main subjectof this thesis. This problemis
systematicallyinvestigatedanda solutionis proposedocusingon flat specifications
andthenextendingto structuredspecifications A primary contritution of this thesis
to the generalareaof specification-basetestingandformal methodss to provide a
basisfor anunderstandin@f severalissueselatedto the oracleproblemin contets
where functionality and modularity are fundamental. Theoreticalfoundationsfor
interpretingtestresultsagainststructuredalgebraicspecificationsare givenandalso
refinedand extendedfrom previous work in the area. Someobstaclesvhich may
impedethe definition of oraclesare identifiedtogetherwith somepossibleways of
overcomingthem. Whether success (failure) in testing means correctness

140
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(incorrectnessyanbedetectedindercertainconstraintsBut, it is lik ely that,in mary
casespnly apartialguaranteeanbeachieved.

The next sectiongpresenthe main contributionsof this thesishighlighting main
benefits problemswhatcanbeimprovedalongwith somefurtherwork.

6.1 Approximate Oracles

The oracle problemfor flat specificationss often causedby the equality problem
— the questionof how equality on non-obserable sorts can be defined— and the
guantifierproblem— mary quantifiersrangeover domainsthat canbe infinite. The
equalityproblemcanbehandledby theuseof behaiouralequalitiesand,in particular
obsenationalequalities whereaghe quantifierproblemcanbe handledby choosing
valid andunbiasedestsets.However, this solutionis not alwaysfeasible(seeSection
3.1). This thesis presentsa solution to the oracle problem basedon the use of
approximatesqualitiego defineapproximateraclesandtakingthe syntacticposition
of quantifiersinto accounto handlethe quantifierproblem.Theintentionis to define
two equalitiesvhich approximatéoehaioural equalityfrom oppositedirections-one
soundandonecomplete- andapplythemto comparevaluesof anon-obserablesort
accordingto the syntacticoccurrenceof equationsn axioms,dependingon whether
anoccurrences positive or nggative (seeSections3.2and3.3). Behavioural equalities
aredifficult or evenimpossibleto definein practice whereasapproximatesqualities
aremuchmorepracticalandeasierto definesincethey neednot evenbe congruence
relations. The solution can be appliedin a wider contect than the one presented
in [Gaudel,1995 andit is alsolessrestrictve. Also, it coversa prevalentuse of
guantifierswherethereare only positive occurrence®f vV andnegative occurrences
of 3. Approximateoraclescanbedefinedindependentlyf testsets.However, it does
not cover the casewhenbothquantifiersarepresenin a positive position.

Valid and unbiasedtest setscan be a solution to the quantifier problemwhen
both positve and negative occurrence®f quantifiersare present.However, they are
difficult to defineand normally they areinfinite. An automaticmethodof defining
valid and unbiasedestsetsis unlikely to exist. Thereis a chancethattestsetscan
be refinedtowardsvalid andunbiasednesby adjustingapproximatezqualities(see
Section3.5). However, thereis still no concreteevidencethatthis canbe achiezedin
practice. It is importantto remarkthattestsetscanalwaysbe replacedoy supersets
without losing the validity and/orunbiasedproperty provided that assumption®n
guantifiersare made(seeTheorem3.20). Also, the completenesand soundnessf
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approximatesqualitiesare not affectedby refiningtestsets.On the otherhand,even

thoughit may be interestingto refine approximateequalitiestowards behaioural

equalities,thereis no guaranteghat completenessr soundnesss maintainedand

alsotestsetsmaybecomanvalid or biased.Techniquedor selectingandrefiningtest

setsarestill to bedefined/improed. Someapproachefo selecttestsetsarebasedn

extractingcasedrom formal proofs[Bernotetal., 1991, Le Gall, 1999] and results
obtained by model checking[Ammannetal.,1998 Bousquet1999]. A further

solutionto the quantifierproblemcanbe basedon refining axiomsusingtechniques
alreadyproposedfor selectingtest casesbasedon normalisationof axioms and

rewriting [Antoy andGannon, 1994 Stepng, 1995 Donat,1997].

An approachto defining approximateoracles— the grey-box approach- is
proposedin this thesis. This approachcombinesthe black-box and white-box
approachepresentedn Section3.1 to define approximate oracles where the
black-box approachis usedto define a completeequality from a finite subsetof
obsenablecontets andthe white-boxapproachis usedto producea soundequality
basedon the concreterepresentationf values.Any contectual equalityis complete,
whereas structuralequalitiesbasedon the equality of the valuesof the concrete
representatiomre alwayssound. As illustrated in Example 3.30, the grey-box
approactseemdo be moreflexible andreasonabl¢hanthe white-boxandblack-box
ones. But, a generalmethodof applying the grey-box approachstill needsto be
defined.Tool supportis alsovital to automateandassisthe definition of oracles.

Althoughtheissueof functionality for flat specificationconsideredn this thesis
is an importantone, there are other concernsrelatedto the oracle problem like
partiality, exceptions,termination, non-determinismand timing, which are also
importantwhenmorecomplex formalismsareconsideredTheseareobjectof further
investigation.

6.2 StructuredTesting

The oracleproblemfor testingfrom structuredspecificationgeducego the equality
and quantifier problems when different signatures and specification-hilding
operationsin the structureare involved and also the problem causedby hidden
symbols(seeSection4.1). Structuredtestingis a style of testingpresentedn this
thesiswhichis basednthecompositionasemantic®f specification@ndcopeswith
the oracleproblemby taking the structureof specificationsnto accountin orderto
definethe teststo be performedandalsoto make senseof axioms. Specifictestsets
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andequalitiesareappliedfor specificgroupsof axiomsaccordingo the specification
and an additionalimplementatiorof hiddensymbolsis demandedvhich is vital if
hiddenaxiomsneedto be checled. Interestingpropertiesof visible functionsmay be
expressedby hiddenaxioms(seeExamplest.22and3.30). Previousresultsontheuse
of approximateraclesobtainedn Section3.3(Sectiord.3)areextendedo structured
testingwithoutfurtherrestrictiongseeSectiord.5). In this sensestructuredestingis
moreflexible thannon-compositionahpproachekbk eflat testing. Testsarealsoeasier
to planandmaintain. However, the problemof giving animplementatiorof hidden
symbolsis a major oneandotherwaysof wealeningit shouldbe worked out. Tool
assistancevould alsobehandyto automatdheprocesof definingthenecessaryests
to be performedandto supportoracledesign,implementatiorof hiddensymbolsand
testexecution(seeSectiord.7). Moreover, it would alsobeinterestingo extendCASL
to supportspecificationsvith testinginterface.Furthermoretestingfrom genericand
architecturabpecificationgleseresfurtherinvestigation.

6.3 Flat Testing

Oneway of dealingwith hiddendefinitionsis to ignorethemaltogether Flattesting
is a style of testingwhich checksa programagainstan unstructuredset of visible

axioms,namelythe setof testableaxioms(seeDefinition 4.20), computedfrom the

original specification. In this case,a single setof testsis performedconsideringa

single pair of approximateequalitieson the resultingsignatureof the specification
togetherwith a singletestsetalsocomputedirom the specification.Dueto this fact
the oracle problem becomesmore difficult (seeSection4.1) and, in orderto sort
it out, flat testingis restrictedto specificationswhich are consistentw.r.t test sets
andfamilies of approximateequalitiesare requiredto be compatiblewith signature
morphismgseeSectionst.4.4and4.5). In theobsenationalcase thelattercondition
meanghat specificationdave to presere encapsulatiorfjseeSection4.6). Families
of contextual equalitieswhich are reduction-compatiblare easyto define,but they

may not be translation-compatiblevoreover, the consisteng conditionmayimpede
certaintestsfrom beingperformed(seeSection4.5). In addition,specificationgnay
be requiredto be transparentthat is, hide is completelyexcluded, which can be
too restrictve. Furthermore structuredtestingand flat testing are not equialent,
insofar as contradictoryassumption®n quantifiersare necessary Neverthelessijf

only specificationsvhich are visible w.r.t testsetsare considered, then they are
equialentunderthe assumptionshatspecification@realsoconsistentv.r.t. testsets
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andtransparenandthefamiliesof approximateequalitiesconsideregrecompatible.
Thereforeflat testingis morelimited thanstructuredesting,not mentionthe lack of

structuran theexperimenttself. Furthermorethe proces®of selectingvisible axioms
canbe fully automatecandassistantools for oracledesignandto guidethe testing
processanbevery helpful.

6.4 Normalisation

Normalisationof specificationsvith testinginterfaceis usedin thisthesisto dealwith
the oracleproblemfor testingfrom structuredspecificationsThreenormalformsare
presentedvith specificmotivationsand objectves. The implicationson the use of
normalformsto the oracleproblemis discussed.

The con normalform is aimedat wealeningthe consisteng conditionon testsets
wheninterpretingflat testing. Axioms canbe checled with differenttestsetsdueto
union, translatendhide Theconnormalformincrementdestsetsateachoccurrence
of unionwithout changingthe structureof the specification. If the specificationis
compatiblew.r.t. testsets,the con normalform producesa new specificationwhich
is consistentv.r.t. testsets.Obviously, the classof real modelsof a specificationSP
andcon(SP) areequialent,whereasheclassof checkablenodelsarenotequivalent
in general.Structuredtestingcanalsobenefitfrom the con normalform by making
thetestingexperimentbe morerigorous.

The nf normal form extendsthe normal form presentedn [Bidoit etal., 1999
for ordinary specifications.The intentionis to groupaxiomsin orderto handlethe
compleity of structuredspecificationsand dealwith hiddendefinitions. The result
is a flat specificationwhich exports visible symbols. The classof real modelsof a
specificationSP andthe correspondingiormalform nf(SP) areequialentprovided
that the family of behaioural equalitiesconsidereds compatible with signature
morphisms.Also, the classof checkablemodelsof SP and nf(SP) areequivalentif
the familiesof approximatesqualitiesare compatiblewith signaturemorphismsand
SP is consistentand visible w.r.t. testsets. However, testingfrom the nf normal
form can be more rigorousthan from the original specification,sincetest setsare
biggerandequalityis interpretedaccordingo the signatureof thespecification From
Corollary 5.23 and Theorem5.20 the family ~ is requiredto be complete and
reduction-compatibleCompletefamiliesof equalityconsistentlydefinedareusually
reduction-compatibléseeSection4.6). But the compatibility conditionon thefamily
of behaioural equalitiesis a major one. For flat testing,the compatibility condition



Chapter6 — ConclusionsaandFurtherWork 145

of families of approximateequalitiescan be wealenedfor flat testing. Also, the
consistentcondition on test setscan dropped. However, once more the family of
behaioural equalitiess requiredto be compatible.Practicalwaysof wealeningthis
conditionstill needgo bedevised.

The snf normal form is aimed at assuring equivalence of classes of
checkablemodels and also eliminating the consisteng condition on test sets
of non-compositionabpproaches.The ideais that axiomsare associatedvith the
testsetgivenin the basicspecificationthey belongto. The classof real modelsof
a specificationSP andthe correspondingiormalform snf(SP) areequialentif the
family of behaioural equalitiesconsidereds compatiblew.r.t signaturemorphisms.
Also, the classof checkablemodelsof SP and snf(SP) areequialentif the families
of approximateequalitiesare compatible. Notice, however, that, contraryto the nf
normalform, conditionson testsetsor quantifiersare not necessary The reasonis
that testingfrom the snf normalform is closerto structuredtestingthanary other
non-compositionahpproactpresentedn this thesis.

A combinationof compositionahndnon-compositionalestingseemsnorelik ely
to beadoptedn practice.For instance snf normalformscanreplacesomepartsof the
specification(mainly whenthe compatibility condition of the family of behaioural
equalitiesis not a problem)andthenthe resultingspecificationcan be checled by
structuredtesting (see Example5.40). This is called semi-structuredesting. A
methodof applyingit still needsto be defined. Moreover, regardingthe nf and snf
normalforms,sincehiddensymbolsaregroupedtheproblemof implementinghidden
symbolscanbesortedoutby consideringonly thesymbolswhich canbeimplemented
in cost-efective way. Neverthelessthe applicationof normalformscanberestricted
dueto the compatibility condition on the family of behaioural equalitiesand also
thelossof structurewhich canbe crucial for large specifications.Tool assistancéo
computenormalformscanbevery helpful.

Furthermore,a combinationand a cooperationof testing, model checkingand
formal proofsto verify systemsn aformal developmentframenork seemto bevery
promising.For this, testingcanbeplannedandappliedatdifferentstagesandfrom the
beginningof the developmentprocessThesearealsoobjectof furtherinvestigation.
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