1˚A Semantics for Static Type InferenceGordon PlotkinDepartment of Computer ScienceUniversity of EdinburghEdinburgh, EH9 3JZ, SCOTLANDgdp@lfcs.edinburgh.ac.ukAbstractCurry�s system for F-deducibility is the basis for static type inferencealgorithms for programming languages such as ML. If a natural�preservation of types by conversion� rule is added to Curry�s system, itbecomes undecidable, but complete relative to a variety of modelclasses. We show completeness for Curry�s system itself, relative to anextended notion of model that validates reduction but not conversion.Two proofs are given: one uses a term model and the other a model builtfrom type expressions. Extensions to systems with polymorphic orintersection types are also considered.1IntroductionCurry�s system for F-deducibility is one of the simplest systems for typeinference for the untyped l-calculus [3,10,11,18]. It is a decidable systemthat can be considered as the basis of static type inference algorithms forlanguages such as ML [27]. These algorithms are static, in that the typeof a term is calculated without any reductions being carried out. To thisend, the calculation is syntax-directed, in that the types of terms arefound as a function of the types of their immediate subterms.Curry�s system has, however, a certain defect from a semantical pointof view: it is not complete with respect to any immediately obvioussemantics. Hindley remarks in [18] that one would expect that, in anydecent semantics, interconvertible terms would have the sameinterpretation. A certain equality rule is then valid, that if two termsare interconvertible then they have the same types. Adding this rule

2yields a proper extension of Curry�s system. Hindley and others [4,18,19]proved that completeness indeed holds for the extended system withrespect to any of various classes of models; these differ only in howtype expressions are interpreted (the simple semantics, the F-semanticsand the quotient-set semantics). Unfortunately, this extended systemdoes not seem to support any static type inference (or type checking)algorithms; furthermore, type inference is not total recursive (and typechecking is undecidable).A. Meyer asked whether, nonetheless, a semantic analysis of Curry�ssystem is possible; clearly such an analysis necessitates the use of awider class of models than those considered by Hindley. We presenthere one such analysis based on the notion of a model of reduction.This terminology was first introduced in [22], but what is called a modelof reduction here is called a model of expansion there; the reason forsuch a — prima facie confusing — switch is discussed below.Models of reduction arise if one considers an analysis of the equalityrule into two rules, a reduction rule and an expansion rule. Thereduction rule states that if a term has a type and the term reduces toanother then the latter has the same type; the expansion rule states thatif a term reduces to another and the latter has a type then so does theformer. According to the Subject Reduction Theorem, the first rule isan admissible1 rule for F-deducibility. However the second rule is not;indeed, as is shown below, adding it produces a system as powerful asthat obtained by adding the equality rule.This analysis of the equality rule into two is carried out formally insection 2. We expect a notion of model that verifies the reduction rule,but not necessarily the expansion rule. To this end, in section 3, modelsof reduction are taken to be partially ordered and model reduction (byan inequality) but not necessarily conversion (by an equality). Types aremodelled as sets that are upper-closed in the ordering; then thereduction rule is indeed modelled, but not necessarily the expansionrule. The idea of modelling reduction by a partial order is, per se,hardly new. In the context of combinatory logic, Meyer, Bunder andPowers [26] considered an asymmetric combinatory logic, with suchaxioms as Kxy £ x and Sxyz £ xz(yz). For the l-calculus the idea waslargely anticipated by Girard in [16]. In the categorical literature, order-enriched categories [23] and the more general 2-categories [32,33] havebeen considered. In the context of universal algebra, Meseguer [25]considered categorical, preorder and partial order interpretations of a�rewriting logic� for conditional rewriting modulo a set of equations;he proves soundness and completeness results relative to all threeclasses of interpretations.In section 4, following an idea of Mitchell [28], we consider ageneralisation of the simple notion of type interpretation, for the1 We may informally understand a rule to be admissible in a formal system if, for anyinstantiation of the schematic variables that occur in the rule, the conclusion of the ruleis provable in the formal system provided its premises are.

3system of simple functional types, and give two completeness proofs.One, after the manner of Hindley, uses a term model. The other, afterthe manner of Barendregt, Coppo and Dezani-Ciancaglini, uses amodel built from type expressions; it is very simple, being nothing butthe powerset of the set of type expressions. The model of the l-calculusin [30] was obtained as a modification of this structure. The samestructure was known at about the same time to R.K. Meyer who dubbedit the �Fool�s Model�; it is a model of asymmetric combinatory logic[5,26]. The simple semantics and the F-semantics are also considered.In section 5 completeness results for the more complex polymorphictype discipline are obtained. There are results for both the generalnotion of type interpretation and also for a version of the simplenotion. Again both term model and �type-expression model� proofs ofcompleteness are given. Here only certain sets of type expressions areused, being those satisfying a certain infinitary condition; consequently,application is not continuous. Finally, in section 6, we consider theintersection type discipline of Coppo et al [6,9]. Here completeness hasalready been obtained for the simple semantics [4,17] and the F-semantics [12]. We obtain completeness for two more general classes oftype interpretations, where there is a pleasing correspondence betweenthe type-expression models and the set-theoretic models of Plotkin andEngeler [30, 14].It would be interesting to have a formal definition of a notion of astatic type inference system. Such a system provides the basis for statictype inference (or type checking) algorithms. It is desirable that thesystem admits a reduction rule. That implies that the types of termsafter reduction can be forecast; for programming languages it followsthat type-checked programs will not suffer type errors. On the otherhand, the expansion rule should be neither present, nor derivable2, insuch systems. Systems where an expansion rule is present (orderivable) explicitly allow dynamic type inference, in the sense that aterm can have any type attributable to one of its reducts, that is to type aterm one can �look ahead� in its computation.One would expect that all the systems considered in this paper are static(with the exception of the extensions of Curry�s system by expansion orequality rules). Formal evidence to this effect can be provided bytheorems such as the Subject Construction Theorem for simple types(see Theorem 9B1 in [10] and Theorem 14D2 in [11]), Mitchell�scharacterisation of his pure typing system for the polymorphic typediscipline [28] and Lemma 2.8 for the intersection type discipline ofBarendregt, Coppo, and Dezani [3]. These show that the systems aresyntax-directed, in that the types inferred for a term are a function ofthe types inferred for their immediate subterms. Note that there is,unfortunately, no guarantee for such systems that type inference istotal recursive - let alone efficient, nor that type checking is (efficiently)2 We may informally understand a rule to be derivable in a formal system if there is aproof of the conclusion from the premises, without instantiating the schematicvariables occurring in the rule.

4decidable. For example, the equality rule is admissible in the systemsfor intersection types, and therefore typability of closed terms isundecidable. In the case of the polymorphic discipline, the decisionproblem of typability is an outstanding open problem [15].It would also be of interest to extend the semantic analysis to other typedisciplines. The combination of the polymorphic type discipline withthe intersection type discipline of Coppo et al is of immediate interest,and one can also consider, for example, existential and union types andrecursive types [1,6,7,24]. In a different direction, it would be interestingto extend the language to include other features such as, perhaps, arecursion combinator. Continuing in this way, it would be particularlyinteresting to see a treatment of a programming language equippedwith an operational semantics (rather than notions of reduction andconversion) and a fixed denotational semantics (rather than a range ofmodels). While the first difference may not be very significant, havinga fixed model may well be. Moreover, the fascinating issue is raised ofrefining the techniques of the denotational semantics of programminglanguages to produce models sensitive to reduction.Several technical questions are raised below: what the proper notion ofquotient-set semantics may be, what should be the categorical notion ofa type interpretation, whether there is a continuous type-expressionmodel of reduction of universal types that would support a proof ofcompleteness, and whether the simple containment relation onpolymorphic type expressions is decidable. The problems of findingcomplete systems for models of b-reduction and F-semantics in thecases of either polymorphic types or intersection types are also leftunsolved.

52Curry�s System for F-deducibilityLet us begin with syntactical and notational matters. Generallyspeaking, the notation and terminology of Hindley in [18] will befollowed, but with a few differences and additions. We write �typeexpressions� rather than �type schemes�. Type assignment statementsare written in the form M:b rather than bM. The letters G, D are used tovary over finite bases. When writing G, x:a for G ¨ {x:a}, it is assumedthat x is a subject of no type assignment statement in G. Throughout,we do not distinguish a-equivalent lambda expressions. On occasionwe use vector notation, writing, for example,

rx for lists of variables.We will make free use of evident conventions; for example if

rM is thelist M1,...,Mn and

rx is the list x1,...,xn then we write the multiplesubstitution [M1/x1, ... , Mn/xn]N as [

rM/ r M that is to be substituted is taken to be the one corresponding tothe rightmost occurrence of the variable. With this convention theformula[

rM/

rx] [

rN/

ry]L =a [

rM/

rx, [

rM/

rx] rN /

ry]Lholds unrestrictedly.There is a convenient sequent-style presentation of F-deducibility forthe l-calculus [28]. This uses sequents of the form G | - M:a; there arethree rules, and we call this system of rules �lfi (in [3] Barendregt calls itlfi - C u r r y , and uses the notation lfi - C h u r c h to refer to the simply typed l-calculus).(Var) G | - x:a(if x:a is in G)( fi I) G˚,˚x:a˚| - ˚ M:b˚G˚| - ˚ lx.M:afi b( fi E) G˚| - ˚ M:afi b˚˚,˚˚G˚| - ˚ N :aG˚| - ˚ MN:bThen F-deducibility is deducibility in the system lfi . ; that is, the relationG | - F M:a is defined to hold iff G | - M:a is provable using these rules.The equality rule discussed in the Introduction depends on a notion ofconversion. In the case of b-conversion the rule is:(EQb) G˚| - ˚ M:a˚,˚M=bN˚G˚| - ˚ N:a

6Now, by the Church-Rosser Theorem, we can split this rule up intotwo, a b-reduction rule (fifib), and a b-expansion rule (‹‹b):(fifib) G˚| - ˚ M:a˚,˚MfifibN˚G˚| - ˚ N:a(‹‹b) G˚| - ˚ N:a˚,˚MfifibN˚G˚| - ˚ M:aThe Subject Reduction Theorem can be read as stating that (fifib) is anadmissible rule of the system lfi ; it is therefore not surprising that thewhole strength of (EQb) rests with (‹‹b).Proposition 1 (EQb) is an admissible rule of the system lfi plus (‹‹b)Proof We have to show that if M=bN and G | - M:a is provable in thesystem lfi plus (‹‹b) so is G | - N:a. Under these assumptions G | - M:a isprovable in the system lfi plus (EQb). Therefore by the EqualityPostponement Theorem [18] there is a term M’ with G | - F M’:a andM’=bM. So M’=bN, and therefore by the Church-Rosser Theorem thereis a term N’ with M’ fifib N’ ‹‹b N. So, applying the Subject ReductionTheorem we get G | - F N’:a and, finally by (‹‹b) we get that G | - N:a isprovable in the extended system. nThere are two other admissible rules for the system lfi that will proveuseful:(Weakening) G˚| - ˚ M :bG˚,˚x:a˚| - ˚ M :b(Strengthening) G˚,˚x:a˚| - ˚ M :bG˚| - ˚ M :b (provided x is not free in M)The Subject Reduction Theorem also holds for bh-reduction, and wecan introduce rules (EQbh), (fifibh) and (‹‹bh) like those above. TheEquality Postponement Theorem holds for bh-conversion, and so wefind that (EQbh) is an admissible rule of the system lfi plus (‹‹bh).

73Models of ReductionFrom the analysis of the equality rule (EQb) it seems reasonable tomodel (fifib), but not (‹‹b). The rule (fifib) might be read as stating that iftype-theoretic information holds also of M, and if MfifibN, then theinformation holds of N. So, if we follow Scott and model informationby a partial order, we would want the denotation of M to be less thanthat of N. We will therefore work with an ordered variant of thenotion of a syntactical l-model [2, ⁄5]. To this end, following an idea ofMitchell [29], we first define interpretations, and only then considermodels.An ordered lambda interpretation of the l-calculus is a triple:P = <>P,�,˚˚�˚ (�)where P is a partial order, and � is a binary monotone operation over Pof application, and � (�) is a mapping from (a-equivalence classes of)expressions and environments to P such that the following fourconditions hold:( i ) x (r) = r(x)(ii) MN (r) = M (r)� N (r)(iii)if M (r(x := a)) £ N (r(x := a)), for all a in P,then lx.M (r) £ lx.N (r)(iv)if r|‘FV(M) = r¢|‘FV(M) then M (r) = M (r¢)The lambda interpretations of Mitchell in [29] correspond to the casewhere P is discretely ordered. We may now define a (syntactical) modelof b-reduction to be an ordered lambda interpretation in which:(v) lx.M (r)�a £ M (r(x := a))holds. If we took equality in (v) we would obtain an ordered version ofthe usual notion of a syntactical l-model [2]. Models of b-reduction aremodels of b-expansion in the sense of [22]; it may be that the authors ofthat paper took the view that b-reduction should correspond to areduction in the order. Other authors take reduction, or rewriting, asincreasing the order [16,23,25,32,33].It is worth discussing further why reduction should be viewed asincreasing information. There is the type-theoretic argument givenabove: by the Subject Reduction Theorem, reduction increases thenumber of types statically determinable. If, for example, one modelstypes by subsets the denotation of a term (in a model) is in theintersection of the denotations of all the statically determinable typeexpressions. Reduction decreases this subset, thereby increasinginformation, as there is less uncertainty as to which element the termdenotes. There is also a related argument that the point of computationis to gather information, namely what the result of the computation is.Reduction increases information about the form of the computation ofthe result, and may give information about the form of the result itself.

8In working with interpretations there is an important principle ofsubstitution to the effect that substitution commutes withinterpretation:(Sub) [N/x]M (r) = M (r(x := N (r)))Lemma 1 (Sub) holds in any ordered lambda interpretation.Proof Let P be an ordered lambda interpretation. We consider first thecase that x does not occur free in N, and proceed by induction on thestructure of M. The cases where M is a variable or an applicationpresent no difficulty, so suppose that M has the form ly.L where wemay assume without loss of generality that y does not occur free in N.Let r’ = r(x := N(r)). Then we have that:[N/x]M(r) = ly.[N/x]L(r)= ly.[N/x]L(r’)for x cannot occur free in ly.[N/x]L as it is not free in N. Therefore by(iii) it is enough to prove that[N/x]L(r’(y := a)) = L(r’(y := a))for all a in P. For this we calculate as follows:[N/x]L(r’(y := a)) = L(r’(y := a)(x := N(r’(y := a))))(by induction hypothesis applied to L) = L(r’(y := a)(x := N(r)))(by (iv), since neither x nor y occur free in N) = L(r’(y := a))In case x does occur free in N, we can proceed as in [2, ⁄ 5.3.3]. Let z be avariable which is not free in N or M and then we may calculate that:[N/x]M(r) = [N/z][z/x]M(r)= [z/x]M(r(z := N(r)))(by the above, since z does not occur free in N)= M(r(z := N(r))(x := z(r(z := N(r)))))(by the above, since x does not occur free in z)= M(r(z := N(r))(x := N(r))) (by (i))= M(r(x := N(r)))(by (iv) since z does not occur free in M). nThis improves the proof of (Sub) in [2] where the equality version of(v) is also assumed. The possibility of this lemma was suggested to theauthor by work of Jacobs, Margaria and Zacchi [21]. There is a multiplesubstitution consequence of (Sub): [ r a), in case the same variable occurs more thanonce in

rx.Environments can be ordered by the pointwise ordering, where r £ r¢ ifffor all variables x, it is the case that r(x) £ r¢(x). Then one has a furtheruseful property of ordered lambda interpretations:

9Lemma 2 In every ordered lambda interpretation N (r) is monotonein r.Proof Let N be a term, and let r, r¢ be an ordered pair of environments.We have to show that N (r) £ N (r’). To this end, we proceed bystructural induction on N. The cases where N is a variable or anapplication are easy, so let us consider the case where it is an abstractionof the form lx.M. Now let

ry be a non-repeating list of the free variablesof lx.M, and let

rz be another non-repeating list of variables of the samelength as

r y)).Then for any element, a, of the interpretation: [

rz/

ry]M (r"(x := a)) = M (r"(x := a)(

ry:=

rz(r"(x := a))))(by the multiple substitution version of (Sub))= M (r"(x := a)(

ry :=r(

ry)))= M (r(x := a)) (by (iv))£ M (r’(x := a))(by induction hypothesis)= M (r"(x := a)) (by (iv))So by (iii) we get that lx.[ r y :=

rz(r"))= [

rz/ ry]lx.M (r")(by the multiple substitution version of (Sub))£ lx.M (r")(by what we have previously proved)= lx.M (r’) (by (iv)). nModels of b-reduction do indeed model b-reduction. It is useful to haveavailable a formal system to axiomatizes b-reduction. The system hasjudgements of the form M £ N and the following axioms and rules:M £ MM˚£˚N˚,˚N˚£˚LM˚£˚LM˚£˚M¢,˚N˚£˚N¢MN˚£˚M¢N¢M˚£˚Nlx.M˚£˚lx.N(lx.M)N £ [N/x]MClearly M £ N is provable in this system iff M fifib N.Proposition 2 If M fifib N then M £ N .

10Proof The proof is by induction on the size of the proof in the formalsystem. All cases are evident except for the last where one calculatesthat: (lx.M)N (r)= lx.M (r)� N (r) by (ii)£ M (r(x := N (r))) by (v)= [N/x]M (r) by (Sub). nThe class of models of b-reduction is not only sound for b-reduction,but is also complete for it, as a term model argument shows. Thismodel,Rb= <>R,�,˚˚�˚ (�)is constructed from equivalence classes of terms. Let[M] = { N| M fifib N fifib M }and then takeR = { [M]|M a l-term }and partially order it by putting:[M] £ [N] iff M fifib NFinally, define application by:[M]�[N] = [MN]and the interpretation function by: M (r) = [[

rL/

rz]M],where

rz is a list of the free variables of M, and where [

rL] is r(

r z)equal to [

rL]. Let y be a variable not free in lx.M or lx.N or any term in

rL. Then taking a to be [y] we get, by the assumption, that:[ [

rL/

rz,y/x]M ] £ [[

rL/

rz,y/x]N]Therefore: lx.M (r) = [[

rL/

rz]lx.M] = [ly.[

rL/

rz,y/x]M] £ [ly.[ r L/

rz, N/x]M ](we can assume without loss of generality that x is not a free variable ofany term in

rL)= M (r(x := [N] ))There is a particularly useful environment r0 defined by r0(x) = [x]. Ithas the property that for any term M, M (r0 ) = [M].Completeness Theorem 1 If M £ N holds in all models of b-reduction then M fifib N.Proof Use the term model and take the denotations of M and N in theenvironment r0. n

11Turning to bh-reduction, define a (syntactical) model of bh-reduction tobe a model of b-reduction such that(vi) lx.Mx (r) £ M (r) (x not free in M)Now bh-reduction can be axiomatized by adding the schemelx.Mx £ M (x not free in M)to the above rules, and one sees that syntactical models of bh-reductiondo indeed model bh-reduction. There is a term model Rbh definedanalogously to Rb, using bh-reduction rather than b-reduction. Thisterm model can be used to yield the expected completeness result forbh-reduction and syntactical models of bh-reduction.An interesting question is how the present work fits in with the cate-gorical viewpoint. In a cartesian closed category, a model of the l-calculus is provided by an object which has the space of itsendomorphisms as a retract [2]. There is an analogous version of themodels of reduction considered here. A category is order-enriched ifeach hom-set is equipped with a partial order structure so that com-position is monotonic; it is a cartesian closed order-enriched category, ifit is order-enriched and cartesian closed and the natural isomorphismsassociated to the products and exponentials are monotonic. Then acategorical model of b-reduction is provided by an object X in such acategory and morphisms F: X fi XX, and G: XX fi X such that F¥G £ id; acategorical model of bh-reduction is provided if, in addition, G¥F £ id. Itis intended to publish the details of the correspondence between thetwo notions of models of b-reduction elsewhere.The ordered categorical notion was considered in the case of thecategory of complete partial orders and continuous functions in [22],and for the full subcategory of qualitative domains in [16]; 2-categoricalnotions were considered by Seely in [33]. Using the setting of cartesianclosed order enriched categories, one can describe a systematic way toconstruct models of b-reduction (or of bh-reduction): given a modelX,F,G of b-conversion (or bh-conversion) in such a category, decrease For G, for example by pre- or post-composing with a projection. Again,in the category of complete partial orders (for example) consider the Dnused in the construction of the D¥ model. There Dn is a projection ofDn+1, which is DnDn, and so is a model of bh-reduction (see [2] for moredetails of such model constructions). Finally, in [16], Girard showedhow infinite models of bh-reduction can be approximated by finiteones.

124Type InterpretationsWe model types as subsets of the domains of models of reduction.Fixing a model of b-reduction P as above, say that a type interpretationis a pairTy = <>Ty,fiwhere Ty is a collection of upper closed subsets of P, and fi is a binary�arrow� function over Ty such that:(Arrow 1)For any X,Y in Ty, and a in XfiY, (a�X) is a subset of Y.(Arrow 2)For any X,Y in Ty, if M (r(x := a)) ˛ Y whenever a ˛ X then lx.M (r) ˛ XfiY.Define operations on upper-closed subsets of P by:(XfiSY)={ a‰ ( a �X )

� Y } (XfiFY)={ lx.M(r) | "a ˛ X.M(r(x := a)) ˛ Y } ›(Here a �X i s {a�b ‰b ˛ X } , a n d Z› is {b|$a ˛ Z.a£b}, the upper closure of Z.)Then the above conditions can be re-phrased as:

(XfiFY) � (X fiY )

� (XfiSY)We say that an interpretation is simple (respectively is an F-interpretation) if the arrow operation is fiS (respectively fiF).Lemma 3 Let P be a syntactical model of b-reduction; let Ty be acollection of upper closed subsets of P; and let fi be a binary functionover Ty. For any a in P set e(a) = ly.xy(r(x := a)) (where r is anyenvironment). Then for all X,Y in Ty:1. e(X fiSY )

� (XfiFY)2. If P is a syntactical l-model then XfiFY = (XfiSY) ˙ F, where Fis e(P).3. If P is a syntactical model of bh-reduction, and <>Ty,fi is atype interpretation then (XfiFY) = (XfiSY)Proof 1. Suppose that a is in (X fiSY ) . Then for any b in X, a�b is in Y. Buta�b is xy(r(x := a)(y := b)), and so e(a) is in (XfiFY).2. In one direction, suppose that a is in (XfiFY) and so has the formlx.M(r), where M(r(x := b)) is in Y whenever b is in X. So for any bin X, a�b is in Y, as it is equal to M(r(x := b)) since P is a model of b-conversion. Further,a = lx.M(r) = lx.(lx.M)x(r) = lx.zx(r(z := lx.M(r)))(the last by Lemma 1) and so a is also in F. In the other direction, if a isin F, then e(a) = a and so, by Part 1, if a is in (X fiSY ) it is in (XfiFY).3. In one direction, if a is in (X fiSY ) , then e(a) is in (XfiFY), by Part 1. Bute(a) £ a as P is a syntactical model of bh-reduction; therefore as (XfiFY) isupper-closed, a is in it. The other direction is part of the assumptionthat Ty is a type interpretation. nIn case P is a syntactical l-model the two arrow conditions are particularcases of those of Mitchell [28]. He did not consider types as necessarily

13being sets. Rather, in his �inference model� of polymorphic types, a setof types was given together with an arrow function operating on thetypes, and an assignment of sets to them. Here an account of typesentirely in terms of sets is preferred; while this makes no difference asregards simple types, it does for both polymorphic and intersectiontypes. Previously to Mitchell�s work, other authors had considered twoparticular interpretations, the simple semantics and the F-semantics.The simple semantics consists of all subsets of P with XfiSY as thearrow operation; the F-semantics has instead XfiFY as the arrowoperation; that these are available follows from Lemma 3.2.Unfortunately these semantics do not seem to be available for modelsof b-reduction in general. The problem is that it does not seem to betrue in general that XfiFY is a subset of XfiSY, and that is needed for theproof of soundness below. So it is possible that taking all upper closedsubsets for Ty and taking fiS, say, as the arrow operation will not yield atype interpretation. We will obtain a completeness result for bothsimple interpretations and F-interpretations in which not all subsets ofP are in Ty; here Lemma 3.3 will prove useful as it shows that forsyntactical models of bh-reduction, all notions of type interpretationcoincide.It is interesting to contrast this situation with, on the one hand, thecase of completeness of (EQb), and, on the other hand, with that ofcompleteness of polymorphic typing with (EQb). In the former case,completeness holds for interpretations where all subsets are allowed astypes; in the latter, while there are interpretations with all sets allowedas types, the class of such models fails to be complete (for trivialreasons).In previous work (see [18,28] in particular) an extended notion of typewas considered, where types were taken as equivalence relations oversubsets or, which amounts to the same thing, as partial equivalencerelations (the symmetric transitive relations). To formulate such anotion here, one would expect a relation between the order on themodels of b-reduction and the partial equivalence relations (just as weask that, as sets, types be upper closed). For lack of such a condition wedo not pursue this notion further. Finally, a categorical setting has beenclaimed for models of reduction. One wonders what the correspondingnotion of type would be.Given a type interpretation, a valuation of the type variables, or typeenvironment, is a function, V, assigning elements of Ty to typevariables. Any such can be extended to all type expressions by puttingV(afib) = V(a)fiV(b). Then a statement M:a is satisfied by r,V if M (r)is in V(a). We write G | = M:a to mean that whenever any r,V satisfyevery statement in G, then they also satisfy M:a.Soundness Theorem 2 If G | - F M:a then G | = M:a.Proof The proof is by induction on the size of the proof of G | - M:a.Choose r,V and assume they satisfy every statement in G. The casewhere x is a variable is trivial, and the case where it is an application is

14handled by the first arrow condition. If M has the form lx.N then a hashave the form bfib¢, and there is a shorter proof of G,˚x:b | - N:b¢. Nowwe can apply the second arrow condition. Choose a an element of V(b).Then r(x := a),V satisfy every statement in G,˚x:b and so by theinduction hypothesis, they satisfy the statement N:b¢, which is to saythat N (r(x := a)) is in V(b¢). So by the second arrow condition we canconclude that lx.N (r) is in V(b)fiV(b¢), which is just that r,V satisfythe statement M:a, as required. nThe requirement that types be upper closed implies that the followingrule is sound for type interpretations:(LEQ) G˚| - ˚ M:a˚˚,˚˚M˚£˚N G˚| - ˚ N:a(where M £ N is to be interpreted as M £ N in a model of b-reduction.) This rule can be seen as our replacement for the equalityrule(EQ) G˚| - ˚ M:a˚,˚M=N˚G˚| - ˚ N:awhich we do not want for type inference systems. The strength of therule (LEQ) depends on the strength of the formal system forjudgements of the form M £ N; for example, with the above system forb-reduction, the Subject Reduction Theorem for b-reduction isequivalent to the admissibility of the rule. Since the proof of soundnessdoes not depend on the assumption that types are upper closed, wecould drop the assumption, enabling us to consider types asequivalence relations along the lines of Mitchell [28]. However thatseems against the spirit of our approach, one is anyhow left with theproblem of finding a notion of types as equivalence relations thatvalidates (LEQ), and, finally, the work below on simple typeinterpretations for the polymorphic type discipline does make use ofthe assumption of upper closure.The term model We are going to give two proofs of completeness. Forthe first we begin by describing a type interpretation for the term modelof b-reduction Rb given above, relative to a given finite basis G, and termA. Let B be a basis extending G, such that the only type statements in Bwith subject a free variable of A are those in G, and such that for eachtype expression a there are infinitely many statements in B of the formx:a. Write B | - F M:a to mean that G¢ | - F M:a, for some finite subset G¢ of B.Define:Xa = { [M] | B | - F M:a }(by the Subject Reduction Theorem this is a good definition),and then put:Ty = { Xa|a a type expression }(Note that Xa = Xa¢ implies that a = a¢. For, take a variable x with x:a inB; then [x] is in Xa; then [x] is in Xa¢ and so B | - F x:a¢ and so x:a¢ is in B

15and so a = a¢, as required.) Now one can unambiguously define thearrow operation by:XafiXb = Xafibwhich concludes our description of the type interpretation.To see that the first arrow condition holds, suppose that [M] is in Xafiband [N] is in Xa. Then B | - F M:afib and also B | - F N:a. It then followsthat G¢ | - F M:afib and G¢¢ | - F N:a, for suitable G¢, G¢¢. By the Weakeningrule, we have G¢ ¨ G¢¢| - F M:afib and G¢ ¨ G¢¢ | - F ˚ N:a. Hence by the (fi E)rule G¢ ¨ G¢¢ | - F MN:b, showing that [MN] is in Xb, as required.To see that the second arrow condition holds, suppose M(r(x := a)) isin Xb whenever a is in Xa. Suppose that

rz is a list of the free variablesof M other than x, and [

rL] is r( r L/

rz, y/x]M:b.Therefore it follows by (fiI) that B | - F ly. [

rL/

rz, y/x]M:afib, and wehave that B | - F [

rL/

rz]ly.[y/x]M:afib. So as y is not free in M we get that lx.M (r) ˛ XafiXb as required.A particular valuation V0 of the type variables will be useful. It isdefined by: V0(t) = Xt. Clearly, V0(a) = Xa, for any type expression a.Completeness Theorem 3 If G | = M:a holds in every model of b-reduction and every type interpretation, then G | - F M:a.Proof Suppose that in every model of b-reduction and typeinterpretation, G | = M:a. Choose the model of b-reduction to be theterm model and choose the type interpretation as above, with this Gand with A taken to be M. Then r0,V0 satisfies every statement in Gand so it also satisfies M:a, and so we have [M] in Xa. Thus G¢ | - F M:a for some G¢ � B. By applying the Strengthening rule followed, ifneeded, by Weakening we finally obtain that G | - F ˚ M:a as required. nThe type interpretation used for the completeness proof is simple. Toprove this one just has to show that XafiSXb is a subset of XafiXb. Tothis end, suppose that for all a in Xa that [M]�a is in Xb. Let x be avariable such that the statement x:a is in B, and put a = [x]. Then we getthat B | - F ˚ Mx:b. Now it may easily be proved that if G | - F NL:b, then thereis an a¢ such that G | - F N:a¢fib and G | - F L:a¢. Applying this to the abovecase we see that G | - F x:a¢, and so the statement x:a¢ is in G, and so as x:ais too, a¢ = a, and so it is true that G | - F M:afib, as required.bh-reduction By using Rbh instead of Rb, and working with theanalogous simple type interpretation one proves a somewhat strongercompleteness theorem, where the models are of bh-reduction, and (byLemma 3.3) the type interpretations are simple, or F-interpretations (oreven both!).Completeness Theorem 4 If G | = M:a holds in every syntactical model ofbh-reduction and every simple type interpretation (or F-interpretation),then G | - F M:a.

16A type-expression model The collection of type expressions actuallyforms a model of bh-reduction which can be used to show thecompleteness of the system lfi with respect to both simpleinterpretations and F-interpretations. Take P to be P(Type) partiallyordered by subset, where Type is the set of all type expressions.Application is defined by:a�b = { b | for some a in b, afib is in a }And � (�) is defined by the inductive clauses: x (r) = r(x) MN (r) = M (r)� N (r) lx.M (r)={ afib | b ˛ M (r(x := a)) }Here and below we confuse {a} with a.This defines an ordered lambda interpretation. The only notcompletely obvious point is that the interpretation respects a-equivalence; we omit the verification. For condition (v), calculate that: lx.M (r)�a = { afib | b ˛ M (r(x := a)) }�a = { b | for some a in a, b ˛ M (r(x := a)) }

� M (r(x := a))(by the monotonicity of M (r) in r). To see that the type-expressionmodel is a syntactical model of bh-reduction, let us calculate that forlx.Mx with x not free in M: lx.Mx (r) = { afib | b ˛ Mx (r(x := a)) }= { afib | $ a¢˛{a}. a¢fib ˛ M(r(x := a)) }= { afib | afib ˛ M(r(x := a)) }

� M(r) (as x is not free in M)According to a claim made above this interpretation can be viewed as astructure XX fiXfiXX in some cartesian closed order-enriched category.It is more pleasing, however, to do this directly in a naturally availablecategory, and here we take the category of complete partial orders andcontinuous maps. The partial order P is such a complete partial order -indeed it is an algebraic complete lattice. Application is continuous andyields F: Pfi PP as F(a)(b) = a.b; the continuous function G: PP fi P isdefined by:G(f) = { afib | b ˛ f(a) }and one can show that: lx.M (r)=G(la:P. M (r(x := a)))(making use of the typed l-calculus).For the type interpretation define:Xa = { a | a ˛ a }and then put:Ty = { Xa|a a type expression }Noting that Xa determines a since {a} is the only singleton in Xa, wecan define the arrow operation by:XafiXb = Xafib

17We have to check that the arrow conditions hold. For the first, supposethat a is in Xafib and b is in Xa. Then afib is in a, a is in b and so b isin a�b and we see that a.b is in Xb. For the second suppose thatwhenever a ˛ Xa then M (r(x := a)) ˛ Xb. Then b ˛ M (r(x := a))and so afib ˛ lx.M (r) showing that lx.M (r) ˛ Xafib as required.Note that by Lemma 3.3 this is both a simple type interpretation and anF-interpretation.To show completeness we will need an appropriate environment andtype environment. For the environment, for any finite basis G definean environment by:G^(x) = { a | x:a ˛ G }The next lemma is — roughly speaking — to the effect that thedenotation of a term is the set of types that can be inferred of it. This ischaracteristic of type expression models.Lemma 4 Let M be a term. Then M(G^) = { a | G | - F M:a }Proof The proof is by induction on M. There are three cases. First, if Mis a variable x, then:M(G^) = { a | x:a ˛ G } = { a | G | - F x:a }Second, if M is an application NL, thenNL(G^) = N(G^)�L(G^) = { g | G | - F N:g }�{ a | G | - F L:a }(by the induction hypothesis) = { afib | G | - F N:afib }�{ a | G | - F L:a }(by the definition of application) = { b | G | - F NL:b }Third, if M is an abstraction lx.N, thenlx.N(G^) = { afib | b ˛ N(G^(x := a)) } = { afib | G, x:a | - F N:b }(by induction hypothesis since G^(x := a) is (G,x:a)^) = { afib | G | - F lx.N:afib } = { g | G | - F lx.N:g }. nThis lemma corresponds, roughly, to part 2 of the Key Theorem in [26].To make this remark precise requires developing the combinatory logicversion of the present work; this is left as a (very pleasant!) exercise forthe reader.Now the type environment is defined by V1(t) = Xt, and one has thatV1(a) = Xa. For the second proof of Completeness Theorem 4, assumethat G | = M:a. Note that G^, V1 satisfies every type statement x:a in G as{a} ˛ Xa. So G^, V1 satisfies M:a, which means that M(G^) is in Xa, andso G | - F M:a by Lemma 4.Since this proof of the Completeness Theorem makes no use of theSubject Reduction Theorem, and since rule (fifibh) is sound for any

18model of bh-reduction and type interpretation, we now have a semanticproof of the Subject Reduction Theorem for bh-reduction. In fact adirect proof for the system lfi is very simple, but perhaps the techniquewould have applications in a more complex setting.

195Polymorphic Type InferenceA system for polymorphic type inference is obtained by adding uni-versal quantification "t.a to type expressions (see [3,13,15,16,28,34,36] forinformation on this system and further references). We do not dis-tinguish a-equivalent type expressions — those which differ only in thenames of bound variables. There are also evident notions of FTV(a),the free type variables of a, substitution [s/t]a and multiple substitution[

r r is free in "

rs.d. In [28] it is shown that a�g b holds iff x:a | - x:b isprovable, and that generic instantiation is decidable. The following ruleis admissible (as is easy to show using the two rules for universalquantification):(SubTypesg) G˚| - ˚

M:a˚,˚a�g˚b˚G˚| - ˚ M:bThe Subject Reduction Theorem for b-reduction and Weakening andStrengthening continue to hold. However the Subject ReductionTheorem does not hold for bh-reduction [28]; for example, the sequenty:"t.afib | - lx.yx:afi"t.b, is provable, but the sequent y:"t.afib | - y:afi"t.bis not, as afi"t.b is not a generic instance of "t.afib.One might well expect that the basic system would play a role anal-ogous to that of lfi but a new phenomenon enters into play, whichconcerns an equality rule, at the level of type expressions rather thanexpressions:(EQTypes) G˚| - ˚ M:a˚,˚a=b˚G˚| - ˚ M:bIn the case of lfi there were no non-trivial valid equalities betweentype expressions; here there are. If types are to be interpreted as sets, and

20universal quantification is to be interpreted as an intersection, then -for example - "t.a and a will receive the same interpretation (where tdoes not occur in a). Such quantifications are termed vacuous. Weconsider an extension of the basic system with the rule (EQTypes)together with the following rules and axioms for the equality of types:a = a a˚=˚bb˚=˚aa˚=˚b˚,˚b˚=˚g˚a˚=˚ga˚=˚b˚,˚a’˚=˚b’˚a˚fi˚a’˚=˚b˚fi˚b’a˚=˚b˚˚"t.a˚˚=˚"t.b"t.a = a (t ˇ FTV(a))"s."t.a = "t."s.aLet us call this system �lfi "� and for the notion of F"-deducibility, therelation G | - F" M:a is taken to be that G | - M:a is provable using thissystem of rules. Let us also define a =F" b to hold just when a = b isprovable. The system yields different typings than the basic system; forexample, if t ˇ FTV(a), then lx.x has type (("t.a) fi b) fi (a fi b) in thissystem, but not in the basic system. Note that it is the fourth of therules, the congruence rule for arrow, that makes the difference; ifomitted, the resulting system is equivalent to the basic system.Both Weakening and Strengthening hold for lfi " by straightforwardinductive proofs. To show that the Subject Reduction Theorem for b-reduction holds we relate to the basic system of Mitchell. For any typeexpression a, let a* be the type expression obtained from a by firstremoving all vacuous quantifications, and then permuting iteratedquantifications so that in every subterm of the form "s."t.b, the firstoccurrence of s in b is � to the left of the first occurrence of t in b. Thisprovides a normal form for the above system for proving equality oftype expressions in that first, for any type expression a, a =F" a* andsecond for any type expressions a and b, it holds that a =F" b iff a* and b*are a-equivalent. In the following proposition the (�)* transformation isapplied also to bases; this is taken to mean that it is applied to the typeexpressions occurring in the bases.

21Proposition 3 The sequent G | - M:a is provable in lfi " iff it is provablein the basic system that G* | - M:a*.Proof The implication from left to right is proved by a straightforwardinduction which we omit. The converse follows from the fact thatprovability in lfi " is invariant under substitution of provably equaltype expressions, whether in the assumptions (use (EQTypes) �at thetop of the proof�), or in the conclusion (apply (EQTypes) directly). n

The relation of modified generic instantiation, a�mg b, is defined to

hold iff a*�g b*. From the above remarks on generic instantiation and

Proposition 3, one sees: that a�mg b holds iff x:a | - F" x:b; that modifiedgeneric instantiation is decidable and that in the system lfi " the follow-ing rule is admissible:(SubTypesmg) G˚| - ˚

M:a˚,˚a�mg˚b˚G˚| - ˚ M:bSimilarly, one sees that the Subject Reduction Theorem for b-reductionholds for the system, but that Subject Reduction does not hold for bh-

reduction. Finally if a�

mg b�mg a, then a and b are a-equivalent; thisfails for generic instantiation - for example, take "t.a and a, with t notfree in a.A type interpretation is now a tripleTy = <>Ty,fi,˚˚�˚ (�)where <>Ty,fi i s an interpretation as above and � (�) is a mappingfrom type expressions and valuations of the type variables to types suchthat: (i) t (V) = V(t) (ii) afib (V) = a (V) fi b (V) (iii) "t.a (V) = ˙ { a(V(t := X)) | X ˛ Ty }Note that we have to take these as conditions rather than as an in-ductive definition, for in the third case it is needed that the intersectionis indeed in Ty. This definition can be viewed as a special case of thedefinition in [28] where types represent sets of elements of the modelrather than necessarily being such sets. We omit the verification of thisclaim, which would involve embedding Ty in a model of the typed l-calculus. (See [13, 35] for other applications of Mitchell�s idea ofinference models.)Proposition 4 Type interpretations have the following properties:(iv) "t.a (V) = "t¢.[t¢/t]a (V) (t¢ is not free in "t.a)(v)if V|‘FTV(a) = V¢|‘FTV(a) then a (V) = a (V¢)(vi) if for all X in Ty, a (V(t := X)) = b (V(t := X))then "t.a (V) = "t.b (V)(Sub) [b/t]a (V) = a (V(t := b (V) ))

22Proof The proof is straightforward, and is omitted. nAs before, a statement M:a is satisfied by r,V if M (r) is an elementof a (V), and what G | = M:a means is defined accordingly.Soundness Theorem 5 If G | - F" M:a then G | = M:a.Proof The proof is by induction on the size of the proof that G | - M:a.Choose r,V and assume they satisfy every statement in G. The rules ofsystem lfi are dealt with as in the proof of Theorem 2. In the case of("I), a has the form "t.b, and there is a shorter proof of G | - M:b, wheret does not occur free in any type in G. Therefore by (v), for any type X itis the case that r,V(t := X) satisfy every statement in G and so satisfyM:b. Thus M (r) is in b(V(t := X)); so by (iii), r,V satisfy M:a.In the case of ("E), we have that for some b,s the type expression a hasthe form [s/t]b and there is a shorter proof of G | - M:"t.b. So byinduction hypothesis, M (r) ˛ "t.b (V). But"t.b

(V)� b(V(t := s (V))) (by (iii)) = [s/t]b (V) (by (Sub))showing that r,V satisfy M:[s/t]b. Finally the soundness of the rule(EQTypes) follows from the easily proved fact that, if a =F" b then itfollows that a (V) = b (V). nThe term model A completeness proof can be based on the term modelof b-reduction Rb. For a type interpretation, given any finite basis G andterm A define a basis B as above, and with the analogous un-derstanding of B | - F" M:a. Define:Xa = { [M] | B | - F" M:a }as before, again making use of the Subject Reduction Theorem andtake:Ty = { Xa|a a type expression }

To see that Xa determines a, suppose that Xa � Xb. Taking a statementof the form x:a in B, we get that B | - F" x:b, and hence, by Strengthening,that x:a | -

F" x:b, and so a�

mg b. Conversely, if a� mg b then Xa � Xb. Forif B | - F" M:a then B | -

F" M:b by (SubTypesmg). Therefore Xa � Xb holds iff a�mg b, and it follows that Xa = Xb iff a and b are a-equivalent.Now the arrow operation can be defined by:XafiXb = XafibThe arrow conditions hold, with the same proof as before, making useof Weakening. It remains to define a(V), and we put:a(V) =

X[ rσ / rs]αωηερε

rsis a list of the free type variables of a and

Xrσ = ς(

rs). We haveto verify conditions (i),(ii) and (iii). The first is trivial. For the second,we may calculate that: afib (V) =

X[ rσ / rs](α → β )(where

rs is a list of the free type variables of afib and

X_r^{σ = ς(}

rs), andwhere we may assume that t differs from all the variables in

rs and doesnot appear free in any type expression in

rσ) = { [Μ] | Β | − Φ ∀ Μ: ∀τ.[

rσ/

rs]a } � { [M] | B | - F " M: [ b/t] [

rσ/

rs]a } by ("E) = { [M] | B | - F " M: [ b/t ,

rs).Choose t¢ different from all the variables in

rs, and not free either in a,or in any type expression in

rσ, ορ ιν ανψ β ωηερε ξ:β ισ α στατεμεντ ιν Βωηοσε συβφεχτ ξ ισ ϕρεε ιν Μ. Τακε Ξ το βε Ξτ′. ΤηενΓ′ | − Φ∀ Μ:[ τ′/τ ,

rσ/

rs]afor some G¢ a subset of B. Applying Strengthening as necessary, we canassume that the subject of any statement in G¢ is a free variable of M.Hence by ("I)G¢ | - F" M: "t¢.[ t¢/t ,

r s.(afib) | for all

rσ, [ rσ/

rs]b ˛ M (r(x := [

rσ/

rs]a›")) }Proof To see this holds, note first that, on the one hand, the right handside is clearly contained in the left hand side, as that satisfies (2), and onthe other, it contains { afib | b ˛ M (r(x := a›")) }. It thereforesuffices to show that the right hand side is a "-filter.To see that (1) is satisfied, suppose

rs,a,b, are such that for all

rσ, [

rσ/ rs]bis in M (r(x := [

rσ/ rs]a›")); suppose too that we have

r s.afib. We wish to showthat "

r.[

rτ/

rs](afib) is in the right hand side. To this end we choose any

rσ οϕ τηε σαμε λενγτη ασ

r and have to show that [

rσ/

r] [ rτ/

rs]b is anelement of M (r(x := [

rσ/

r] [ rτ/

rs](a›"))), which is an immediateconsequence of the first supposition.To see that (2) is satisfied suppose that for all b, [b/t]a is in the righthand side. Let a have the form "

r s, then we take anarbitrary b and an arbitrary

rσ οϕ τηε σαμε λενγτη ασ

rs and prove that[b/t,

rσ/

rs]d ˛ M(r(x := [b/t,

rs]g›"). To this end, by assumption theright hand side contains [b/t]a. But this is a-equivalent to the typeexpression "

r′s.[b/t,

r′s/

rs](gfid), where

r′s is a non-repeating list ofvariables, all distinct from t, and not occurring free in b or (gfid).Therefore [

r′s][b/t,

r′s/

rs]d is in M (r(x := [

rσ/

r′s][b/t,

r′s/

rs]g›"). Butthen it follows that the type expression [

rσ/

r′s][b/t,

r′s/

rs]d is a-equivalentto [

rσ/ r′s, b/t,

rσ/ _{rs]d =a [b/t,}

rσ/ rs]d, and similarly for g. nOne now sees that the set of functional type expressions in lx.M (r)is the set { afib | b ˛ M (r(x := a›")) }, and so for condition (v) wehave that: lx.M (r)�a = { afib | b ˛ M (r(x := a›")) }�a = { b | for some a in a, b ˛ M (r(x := a›") } ›"

� M (r(x := a))using the monotonicity of M (r) in r.

25The partial order P is an algebraic complete lattice. Unfortunately,however, application is not continuous. For example, seta ={("t.tfit)fis}›"and for all finite sets of type expressions, X, putbX = {afia|a˛X}›"Then a and bX are "-filters, the set {bX} is directed with least upperbound ("t.tfit)›", but a.bX is ˘ and a.("t.tfit)›" is s›". On the otherhand, application is continuous in a weaker sense. Say that a subset of apartial order is countably directed if it contains an upper bound of anyof its countable subsets and say that a function of complete partialorders is countably continuous if it preserves least upper bounds ofcountably directed sets. The category of complete partial orders andcountably continuous functions can be shown to be a cartesian closedorder-enriched category. Now assuming that there are countably manytype variables, there are countably many type expressions. One can thenshow that the least upper bound of a countably directed subset of P isthe union of that set, and it follows that application is countablycontinuous. One can define F and G by:F(a)(b) = a.bG(f) = { afib | b ˛ f(a›") }›"and one has that: lx.M (r)=G(la:P. M (r(x := a›")))The question arises whether there is a type expression model in thecategory of complete partial orders and continuous functions whichcan be made the basis of a completeness proof; it is conjectured thatthere is none, although, admittedly, the conjecture is not precise.For the type interpretation define:Xa = { a | a ˛ a }and then putTy = { Xa|a a type expression }

Noting that Xa �

Xb iff a�mg b we see that Xa determines a up to a-equivalence and so we can define the arrow operation byXafiXb = XafibThe two arrow conditions are straightforwardly verified. Finally we candefine the interpretation of type expressions by the conditions(i),(ii),(iii) above, as the intersection of any collection of "-filters is itselfa "-filter.One can show thatX"t.a = ˙ {X[b/t]a | b a type expression }and it is just here that good use is made of the infinitary condition inthe definition of "-filters. The inclusion from left to right is provedusing condition (1): if a ˛ X"t.a then "t.a ˛ a and so [b/t]a ˛ a (for anyb), and so a ˛ X[b/t]a (for any b). The inclusion from right to left isproved using condition (2): if [b/t]a ˛ a (for any b) then "t.a ˛ a. Usingthis equation, one can prove by induction that for any type expression aand type environment V,

26 a (V) =

X[ rσ / rs]αωηερε

rs is a list of the free type variables in a and

Xrσ ισ ς(

rs). In theproof of completeness the type environment V1 is defined by:V1(t) = XtThen by the above remark, V1(a) = Xa for any type expression a.As above, for any finite basis G we may define an environment by:G^(x) = { a›" | x:a ˛ G }Lemma 6 Let M be a term. Then M(G^) = { a | G | - F" M:a }Proof The proof is by induction on M. There are three cases. The firstcase where M is a variable is easy and is omitted. Second, suppose M isan application NL. Then in one direction,NL(G^) = N(G^)�L(G^) = { g | G | - F" N:g }�{ a | G | - F" L:a }(by the induction hypothesis) = { afib | G | - F" N:afib }�{ a | G | - F" L:a }(by the definition of application) = { b | G | - F" N:afib and G | - F" L:a}›"

� { b | G | - F" NL:b }(using the rule (fi E) and the fact that {b | G | - F" NL:b} is a "-filter).Conversely suppose that G | - F" NL:d. Then G* | - NL:d* is provable inthe basic system, by Proposition 3, and so by the �characterisation ofpure typing� in [28] there are types a, b and a sequence

rs of type vari-ables such that G* | - N: " r s .b �g d*. (Mitchell�s pure typing system is thesame as the basic system considered here). Let

rσ βε ανψ σεθυενχε οϕτψπε εξπρεσσιονσ οϕ τηε σαμε λενγτη ασ

rs. Since G* | - N: "

rs.afib isprovable in the basic system, it follows that G | - N: [

rσ/

rs](afib) isprovable in the basic system, and so (by the induction hypothesis) that[

r σ ισ αρβιτραρψ ωεσεε τηατ ∀

rs.b and hence d is in NL(G^).Third, if M is an abstraction lx.N, then in one direction,lx.N(G^) = { afib | b ˛ N(G^(x := a›"))›" = { afib | G, x:a | - F" N:b }›"(by induction hypothesis)

� { d | G | - F" lx.N:d }(using the rule (fi I) and the fact that { d | G | - F" lx.N:d } is a "-filter)Conversely, suppose that G | - F" lx.N:d. Then G* | - lx.N:d* is provablein the basic system, by Proposition 3, and so by the characterisation ofpure typing in [28], there are type expressions a, b and a sequence

rs oftype variables, none of which appears free in any type expression in G*,such that G*,˚x:a | - N:b is provable in the basic system, and it holds that"

rs.(afib) �g d. Let

rσ βε ανψ σεθυενχε, οϕ τηε σαμε λενγτη ασ r σ/ r_{s]a | - N:[}

rσ/ rs]b is provable in the basic system. So by theinduction hypothesis [

rσ/ rs]b is in N(G^(x := [

rσ/ rs]a›")) and so

27[

rσ/

rs](afib) ˛ lx.N (G^), and so as this is a "-filter and as

rσισ αρβιτραρψ,∀

rs.afib and hence d is in lx.N (G^). nWith this lemma, the proof of completeness now follows very much asit did for the system lfi .The simple semantics. Simple type interpretations validate the fol-lowing rule, introduced by Mitchell:(simple)G˚| - ˚lx.Mx:afibG˚| - ˚M:afib (x ˇ FV(M))To see this is the case, suppose we have a simple interpretation whichsatisfies G | - lx.Mx:afib, where x is not free in M, and we also haveenvironments r,V satisfying every statement in G. Take a in V(a) toshow that M(r)�a is in V(b). By the assumptions, lx.Mx(r)�a ˛ V(b).But V(b) is upper closed and lx.Mx(r)�a £ M(r)�a, yielding thedesired conclusion.The above counter-example to Subject Reduction for bh-reduction alsoshows that (simple) is not a derived rule of the polymorphic typingsystem lfi ". So, as simple type interpretations validate (simple) theycannot be complete for this polymorphic typing system. Instead, theyare complete for the basic system for polymorphic types extended with(simple). Let us call this extended system �lfi "s�, and write B | - s M:a tomean G | - M:a is provable in it, for some finite G� B. It is easily seen thatboth Weakening and Strengthening hold for this system. The analogue to (modified) generic instantiation is simple containment a�s b, whichis defined to be the least relation between type expressions whichsatisfies the following axioms and rules:(gen) "

r s.afi"

rs.b(arrow)

if a’� a and b� b’ then (afib)� (a’fib’)(trans)

if a� b and b� g then a� g(congruence) b then "s.a� "s.b

The simple containment a�s b holds iff x:a | - s x:b (see [28]); it is an openproblem whether simple containment is decidable. According toTheorem 16 of Mitchell [28], the system lfi "s is equivalent to the sys-tem lfi " extended by the rule:(SubTypess) G˚| - ˚

M:a˚,˚a�s˚b˚G˚| - ˚ M:bSince modified generic instantiation is a sub-relation of simplecontainment, it follows that the system lfi "s is stronger than lfi ".

28Subject Reduction for bh-reduction holds for the system lfi "s. This is animmediate consequence of:Proposition 5 G | - s M:a iff there is a l-term N such that both N˚fifibhMand also G | - F" N:a.Proof The implication from left to right is a straightforward inductionon the size of proof of G | - s M:a, and is remarked on p228 of [28].Mitchell�s Lemma 16 shows that the converse holds for the basicsystem for polymorphic types extended by (SubTypess) and that isequivalent to lfi "s, as remarked above. nThe term model With this result a proof of completeness can be basedon the term model Rbh, following the above lines. For a typeinterpretation, given any finite basis G and term A, define a basis B asabove, and with the analogous understanding of B | - s M:a. Define:Xa = { [M] | B | - s M:a }making use of Subject Reduction for bh-reduction, and takeTy = { Xa|a a type expression }

Here Xa does not quite determine a; we get instead that Xa � Xb holds iff a�s b; the implication from left to right is proved as for the systemlfi "; the other direction follows from an application of therule (SubTypess). It follows that Xa = Xb iff a ”s b (the equivalenceassociated with simple containment).Now, using the (arrow) rule, fi can be defined by:XafiXb = Xafibas before. The arrow conditions hold, and are proved as before. For theinterpretation of type expressions, put:a(V) =

X[ rσ / rs]αωηερε

rs is a list of the free type variables of a and

Xrσ = ς(

rs). Theverification of the three conditions proceeds as before. It remains to seethat this semantics is indeed simple. One direction is the first arrowcondition. For the other suppose that whenever [N] is in Xa then [MN]is in Xb. Choose x:a in B with x not free in M. Then [Mx] is in Xb, whichis to say that B | - s Mx:b. So by (fiI), B | - s lx.Mx:afib, and so by (simple) wehave that B | - s M:afib as required. Now one chooses r0,V0 as before, andobtains:Completeness Theorem 7 If G | = M:a holds in every syntactical model ofbh-reduction and every simple type interpretation, then G | - s M:a.A type expression model Again there is a completeness proof via a typeexpression model of reduction. Say now that a simple "-filter over theset of polymorphic type expressions is a subset F such that:

(1s) if a ˛ F and a�s b then b ˛ F(2s) if [b/t]a ˛ F for all type expressions b, then "t.a ˛ F

As before, {a}›"s = {b| a�s b } is a simple "-filter (where for any set F oftype expressions, F›"s is the least simple "-filter containing F). The

proof is as above for {a}›"; one now needs that if a�s b and t is not free a in then it follows that a� s "t.b. But this holds as by (gen) a�s "t.a,

and by (congruence) "t.a ˚�s "t.b. Sets of the form { a | G | - s M:a } aresimple "-filters, and this is proved as in the above case. The model of

29reduction is the set of simple "-filters, partially ordered by subset,application is defined by:a�b = { b | for some a in b, afib is in a }›"sAnd � (�) is defined by the inductive clauses x (r) = r(x) MN (r) = M (r)� N (r) lx.M (r)={ afib | b ˛ M (r(x := a›"s)) }›"sAs before this defines a model of b-reduction; for condition (v) oneneeds:Lemma 8˚ lx.M (r) = {"

r s.(afib) is in the right handside and show that "

rs.afi"

rs.b is too. To this end, it is enough to showthat [

rσ/ rs]b ˛ M (r(x := "

rs.a›"s)), for arbitrary

rσ οϕ τηε σαμε λενγτηασ r σ/ rs]a›"s)), and the conclusion followsusing the monotonicity of �(�) in its second argument and thesimple containment "

rs.a �s [

rσ/ rs]a.The case (arrow) is rather similar, and so is omitted. The case (trans) isimmediate using the inductive hypothesis twice. Finally we come tothe case (congruence). Here we need the fact - easily proved by induction - that if a�s b, then [

rs]a�s [

rσ/

rs]b can be proved using the same number of rules. So suppose that a�s b, and "s.a is in theright hand side. We have to show that so is "s.b. Choose a typeexpression s. Since "s.a is in the right hand side so is [s/s]a. Now as a�s b, and [s/s]a�s [s/s]b can be proved using the same number ofrules, and so we can apply the inductive hypothesis to see that [s/s]b isin the right hand side. But s as was arbitrary, it follows from thesatisfaction of (2) that "s.b is in the right hand side. nThe partial order of "-filters is a complete lattice, but (as is shown by avariant of the corresponding counterexample given above) applicationis again not continuous. As before, the model of reduction can belocated in the category of complete partial orders and countablycontinuous functions. In the definition of the type interpretation one has Xa � Xb iff a�s b, and so Xa = Xb iff a ”s b; as before, this differencecauses no problems. The arrow conditions hold; one proves as abovethatX"t.a = ˙ {X[b/t]a | b a type expression }and then for any type expression a and type environment V, a (V) =

X[ rσ / rs]αωηερε

rs is a list of the free type variables in a and

rσ ισ ς(

r σ, [

rσ/ rs]b ˛ Mx(r(x:=[

rσ/ rs]a›"s))}(by Lemma 8) = {"

rs.(afib)|for all

rσ, [

rσ/ rs]b ˛ M(r).[

rσ/ rs]a›"s}(as x is not free in M) ˚� {"

rs.(afib)| for all

rσ, [

rσ/

rs]afi[

rσ/

rs]b ˛ M(r)}(by the same reasoning as used to show the type interpretation simple)

˚� M(r) (as M(r) satisfies condition (2s))

316. The Intersection Type DisciplineIntersection types were independently introduced by Coppo andDezani-Ciancaglini, by Sall� and by Pottinger (see [3,6,9,20,36] for refer-ences and further discussion). The surprising feature of such systems isthat even though (EQb) is not derivable, it is admissible - providedempty intersections are allowed. We may then use ordinary models forcompleteness proofs. We are back in the world considered first byBarendregt, Coppo and Dezani-Ciancaglini and by Hindley, with thecaveat that only systems sound for the wider class of models of b-reduction are to be considered. There is nonetheless some interest inpursuing such systems. First the availability of non-simple type in-terpretations allows completeness proofs for other, perhaps simpler,type inference systems. Secondly these systems are very closely con-nected to the models of the l-calculus given by Plotkin [30] and Engeler[14].A natural basic system with intersection types is obtained by adding tothe system lfi binary and empty intersections of types: a ˙ b and w. Therules we take are(˙I) G˚| - ˚ M:a,˚˚G˚| - ˚ M:bG˚˚| - ˚ ˚ M:a˙b(˙E) 1. G˚| - ˚ M:a˙bG˚˚| - ˚ ˚ M:a 2. G˚| - ˚ M:a˙bG˚˚| - ˚ ˚ M:b(wI)G | - M:wThis system has not been considered in the literature (see [9] for aclosely related system) as it is not complete for simple typeinterpretations. Completeness for our more general typeinterpretations requires the addition of an extra rule, as in the case ofpolymorphism. As before, there is a possibility of non-trivial equalitiesbetween type expressions; for example if ˙ is interpreted as intersectionthen ((a ˙ b) fi g) and ((b ˙ a) fi g) have equal interpretations.We consider the extension of the basic system for intersection typeswith the rule (EQTypes), and the following rules and axioms for theequality of types:a = a

32 a˚=˚bb˚=˚aa˚=˚b˚,˚b˚=˚g˚a˚=˚ga˚=˚b˚,˚a’˚=˚b’˚a˚fi˚a’˚=˚b˚fi˚b’a˚=˚b˚,˚a’˚=˚b’˚a˚˙˚a’˚=˚b˚˙˚b’((a ˙ b) ˙ g) = (a ˙ (b ˙ g))(a ˙ b) = (b ˙ a)(a ˙ a) = a(a ˙ w) = aEssentially this system was previously considered in [6,20]. Let us call it�lfi ˙w� and for the notion of F˙w-deducibility, the relation G | - F˙w M:a,is taken to be that G | - M:a is provable using this system of rules. Let usalso define a =F˙w b to hold just when a = b is provable. The systemyields different typings than the basic system; for example lx.x has type((a ˙ b) fi g) fi ((b ˙ a) fi g) in this system, but not in the basic system.Note that it is again the congruence rule for arrow, that makes thedifference; if omitted, the resulting system is equivalent to the basicsystem.Once one has an intersection type available, one can define a formal subtype relation by letting a� b abbreviate a = a˙b; we write a�F˙w b to mean that a� b is provable in lfi ˙w. The following rule is derivable inlfi ˙w:(SubTypes) G˚| - ˚

M:a˚,˚a�˚b˚G˚| - ˚ M:b It follows, in particular that if a�F˙w b then x:a | - F˙w x :b; the conversealso holds, the proof being a straightforward induction. BothWeakening and Strengthening hold for lfi ˙w, by straightforwardinductive proofs. Further, (EQb) is admissible, as shown in [6].The system is closely relate to the model of the untyped lb-calculusgiven in [30]. Let T be the smallest set containing all type variables andclosed under the rule that, if u and v are finite subsets of T, then thepair <u,v> (to be written as ufiv) is in T. In [30] a model of the untypedl-calculus was given consisting, up to isomorphism, of all subsets of T,but with the (unnecessary) assumption that there is just one type

33variable; more details are given below. Here T will provide us with away to define normal forms of type expressions. To each typeexpression a we associate a finite subset as of T by a recursivedefinition:ts = {t}(a fi b)s = {as fi bs}ws = ˘(a ˙ b)s = (as ¨ bs)Now to each element a of T we associate a type expression at, and toeach finite subset u of T we associate a type expression ut. This is doneby a simultaneous recursive definition, in which a fixed linearordering of T is assumed available:tt = t(u fi v)t = ut fi vt{a1,�,an-1,an}t = (a1t ˙ .... (an-1t ˙ ant) � )where in the last equation the right hand side is understood to be w ifn=0, a1t if n=1, and otherwise, the ai are taken in the assumed ordering.One can show, by straightforward inductive proofs, first that if a =F˙w bthen as and bs are identical, and second a =F˙w ast for any typeexpression a, and third that ats = a and uts = u for any a in T, and anyfinite subset u of T. It follows that we have a normal form for typeexpressions, in that first a =F˙w b iff ast and bst are identical, and secondthat for any type expression a, a =F˙w ast. It also follows that a =F˙w b isequivalent to the identity of as and bs. Now derivability in lfi ˙w can becharacterised in terms of the basic system. In the following propositionthe (�)s and (�)t transformations are applied also to bases; this is intendedto mean that the transformations are applied to type expressions, orelements or finite subsets of T, as appropriate.Proposition 6 The sequent G | - M:a is provable in lfi ˙w iff it is provablein the basic system that Gst | - M:ast.Proof The proof is like that of Proposition 3. nFinally, we can better understand subtyping. First we have that:

a�F˙w b iff a =F˙w a˙biff as = as ¨ bsiff as � bsNow every type expression is a formal intersection of type variablesand function type expressions (taking w to be an empty such intersection). It then follows that a�F˙w b iff every such type variableor function type expression in b is provably equal to one such in a.Type interpretations <>Ty,fi are as for the system lfi except that Tymust be closed under finite intersections. Valuations are extended totype expressions as before for functional types; for the intersection typeexpressions we put V(a ˙ b) = V(a)˙V(b) and V(w) = P (using the above

34notation). With the evident definition of satisfaction, the soundnesstheorem is then straightforwardly proved. In [35] van Bakel considers a strict type assignment system and provesa completeness theorem for it, using a variation of Mitchell�s inferencemodel of polymorphic types. The provable sequents of his system arethose of the basic system, except that the type expressions occurring arerestricted to be Hindley�s �Normal type schemes� [17].The term model For our first proof of completeness, we use the termmodel of b-reduction Cb = <>C,�,˚˚�˚ (�) whose elements are equiva-lence classes of (open) terms under b-conversion, with the trivialpartial order, and whose definition is otherwise exactly as that of Rb(dropping the partial order, this is, of course the usual term model ofopen terms under b-conversion [2]). For the type interpretation, givenany finite basis G and term A define a basis B as above, and with theanalogous understanding of B | - F ˙w M:a. Define:Xa = { [M] | B | - F ˙w M:a }as before, again making use of the admissibility of (EQb) and takeTy = { Xa|a a type expression }

To see that Xa essentially determines a, suppose that Xa� Xb. Taking astatement of the form x:a in B, we get that B | - F ˙w x:b, and hence, byStrengthening, it follows that x:a | - F ˙w x:b, and so that a�F˙w b.Therefore if Xa = Xb then a =F˙w b, and in view of the rule (EQTypes)the converse also holds. Therefore, fi can be defined by:XafiXb = Xafiband the arrow conditions are verified as before. Since it is easilyverified that:Xw = CXa˙b = Xa ˙ XbTy is closed under finite intersections, and so we have a proper typeinterpretation. Completeness can now be proved along the same linesas before.A type expression model The other approach to completeness is to usea filter model along the lines of Barendregt et al [4]. Here the filtermodel turns out to be isomorphic to the set-theoretic model of Plotkin.A filter is a set F of type expressions such that:1.

if a�F˙w b, and a ˛ F, then b ˛ F2.w ˛ F3.if a, b ˛ F, then a ˙ b ˛ FEvery filter can be mapped to a subset of T by:Fs = ¨{as | a ˛ F}and every subset of T can be mapped to a filter by: at = {a | as � a }Using the properties given above of the (�)s and (�)t transformations, itis easy to see that these two mappings are inverses; they are also clearlymonotonic. The relation between filter models and set-theoretic

35models has also been considered in [8], where it is shown that the filtermodel of [4] can be embedded in Engeler�s model; use is made there of afunction similar to the (�)s transformation.Since the filter and set-theoretic models considered here areisomorphic, we at liberty to work with either, and choose the simplermodel P(T) of all subsets of T. This forms a complete lattice under thesubset ordering. The model can be presented as a syntactical model of b-reduction. Application is defined by:a �b = ¨{ v | for some u a finite subset of b, ufiv is in a }and � (�) is defined by the inductive clauses x (r) = r(x) MN (r) = M (r)� N (r) lx.M (r)={ ufiv | v � M (r(x := u)) }The model can be placed in the category of complete partial orders andcontinuous functions with F defined as before, and:

G(f) = { ufiv | v � f(u) }For the type interpretation define: Xa = { a | as � a }and then putTy = { Xa|a a type expression }

Note that Xa � Xb holds iff bs � as holds, iff a�F˙w b holds. Thus Xadetermines a up to provable equality and we can define the arrowoperation byXafiXb = XafibThe arrow conditions are easy to verify, and as we also have theequationsXw = P(T)Xa˙b = Xa ˙ Xbwe have a type interpretation.It is necessary now to relate type inference to denotation in the model,and to this end we introduce a subsidiary type inference system wherewe take finite subsets and elements of T as the �type expressions�,adapting the usual notions of type assignment statements, and bases inthe evident way except that we only consider bases where the typeassignment statements have the form x:u, where u is a finite subset ofT. The system has the following rules:D˚| - ˚ M:a˚˚(a˚˛˚u)˚D˚| - ˚ M:u D , x:u | - x:a(a ˛ u)

36D˚,˚x:u˚| - ˚ M:v˚D˚| - ˚ lx.M:ufi vD˚| - ˚ M:ufi v˚˚,˚˚D˚| - ˚ N :uD˚| - ˚ MN:a (a ˛ v)We write D | - T M:d for derivability of sequents in this system (where dis an element or finite subset of T). The system can be thought of asproviding normal forms for proofs in lfi ˙w, although no theorem tothat effect will be proved. However we do consider the relationship asfar as provable sequents is concerned.˚Proposition 7 1. G | - F˙w M:a iff Gs | - T M:as.2. D | - T M:d iff Dt | - F˙w M:dt(d an element or finite subset of T)Proof First one shows the implications from left to right by straight-forward inductive arguments. For the converse to 1, if Gs | - T M:as, thenGst | - F˙w M:ast, by 2. So G | - F˙w M:a since lfi ˙w-provability is invariantunder substitution of provably equal type expressions. The converse to2 is even simpler, making use of the facts that uts = u, for u a finitesubset of T, and ats = {a}, for a in T. nWe can now proceed with the proof of completeness via the settheoretic model. For any finite T-basis D define an environment by:D^(x) = ¨{ u | x:u ˛ D }Lemma 9 Let M be a term. Then M(D^) = { a | D | - T M:a }Proof The proof is much like that of Lemma 4. nNow a type environment is defined by V1(t)=Xt, and one has thatV1(a)=Xa. For completeness, assume G | = M:a holds. Note that it holdsthat (Gs)^, V1 satisfy every type statement x:a in G, as (Gs)^(x) is as, andV1(a) is Xa. So (Gs)^, V1 satisfies M:a, which means that M( (Gs)^) is in Xa, that is that as � M( (Gs)^). So Gs | - T M:as by Lemma 9, and so byProposition 7, G | - F˙w M:a, concluding the proof. As P(T) is actually amodel of the lb-calculus, the completeness result gives a semanticproof of the admissibility of (EQb) for by lfi ˙w.Other systems of intersection types Let us conclude with some remarkson Engeler�s model [14] and also on the case of simple typeinterpretations, as considered by Barendregt et al [4], and by Hindley[17]. Instead of T, Engeler considers the least set B containing a given setA (which we take here to be the set of all type variables) and such that ifu is a finite subset of B and b is an element of B then the pair <u,b> (tobe written as ufib) is in B. Then P(B) is a model of the lb-calculus.Application is defined by:a �b = { b | for some u a finite subset of b, ufib is in a }and � (�) is defined by the inductive clauses: x (r) = r(x)

37 MN (r) = M (r)� N (r) lx.M (r)={ ufib |b ˛ M (r(x := u)) }Again, the model can be placed in the category of complete partialorders and continuous functions with F defined as before, and now:G(f) = { ufib | b ˛ f(u) }For the corresponding type system, one adds these axioms to lfi ˙w:(a fi w) = w(a fi (b ˙ g)) = (a fi b) ˙ (a fi g)The development of the theory can proceed along the lines developedabove for lfi ˙w, with evident minor variations. For example whendefining the transformations one puts:(a fi b)s = {as fi g| g ˛ bs}(u fi b)t = ut fi btOne considers type interpretations which satisfy the above extra twotype equations, and completeness can be proved by using either a termmodel or Engeler�s model. For the latter, the modified type inferencesystem is:D˚| - ˚ M:a˚˚(a˚˛˚u)˚D˚| - ˚ M:u D , x:u | - x:a(a ˛ u)D˚,˚x:u˚| - ˚ M:b˚D˚| - ˚ lx.M:ufi bD˚| - ˚ M:ufi b˚˚,˚˚D˚| - ˚ N :uD˚| - ˚ MN:bThe system of Barendregt et al [4] can be equivalently formulated aslfi ˙w plus the two rules above plus the conditional rule a’˚�˚a (a˚fi˚b)˚˚�˚(a’˚fi˚b)Hindley gave a completeness proof via term models in [17] andBarendregt et al used a filter model in [4]. This filter model is iso-morphic to yet another set theoretic model, consisting of the up-closedsubsets of a certain partial order £B defined on Engeler�s set B. Thispartial order is defined to be the least partial order £ over B such that: If for every b in v there is an a in u such that a £ b and also a £ bthen ufia £ vfib.

38Using the results in [17] on normal type expressions, one can show thata£ b in the sense of [17] iff as £B bs, and also that for any a in B, ats ”B a,where ”B is the equivalence associated to £B. With this one can showthat the filter model of Barendregt et al, is isomorphic to the collectionof up-closed subsets of B, with application defined as for Engeler�smodel and w i t h � (�) defined by the similar inductive clauses: x (r) = r(x) MN (r) = M (r)� N (r) lx.M (r)={ ufib |b ˛ M (r(x := u›)) }(where u› is the least up-closed subset containing u). The model can beplaced in the category of complete partial orders and continuousfunctions: take F as before, andG(f) = { ufib | b ˛ f(u›) }It may well also be possible to treat this type discipline directly, alongthe lines followed for the previous two systems.AcknowledgementsPart of this work was done while the author was visiting the MITLaboratory for Computer Science in 1981 and 1982. He is grateful to A.Meyer for supporting the visit, with the aid of an NSF grant. He alsothanks H. Yokouchi who pointed out both that completeness of F-interpretations for Curry�s theory of functionality could be proved byusing the term model formed from bh-reduction, and also that it wasnecessary to modify Mitchell�s type assignment system to obtaincompleteness for the type interpretations considered here - correctingan error in [31]. Finally, thanks are due to M. Abadi, M. Dezani-Ciancaglini, R. Hindley, B. Jacobs, M. Coppo, I. Margaria, R. K. Meyer, J.Mitchell, S. van Bakel and M. Zacchi for useful discussions.References[1] Barbanera, F. and Dezani-Ciancaglini, M. Intersection and uniontypes, in: Theoretical Aspects of Computer Software, eds. Ito, T. andMeyer, A.R. Lecture Notes in Computer Science 526 pp. 651-674. Berlin:Springer Verlag (1991).[2] Barendregt, H.P. The lambda calculus: its syntax and semantics.Amsterdam: North-Holland (1984).[3] Barendregt, H.P. Lambda calculi with types. To appear in Handbookof Logic in Computer Science, Volume II, eds. Abramsky, S., Gabbay,D.M. and Maibaum, T.S.E. Oxford: Oxford University Press.[4] Barendregt, H.P., Coppo M., and Dezani-Ciancaglini, M. A filterlambda model and the completeness of type assignment. J. SymbolicLogic 48/4, pp. 931-940 (1983).[5] Bunder, M.W. and Meyer, R.K. A result for combinators, BCK logicsand BCK algebras. Logique et Analyse 109, pp. 33-40. (1985)

39[6] Cardone, F. and Coppo, M. Two extensions of Curry�s type inferencesystem, in: Logic and Computer Science, ed. Odifreddi, P. APIC Series inData Processing 31. London: Academic Press (1990)[7] Cardone, F. and Coppo, M. Type inference with recursive types:syntax and semantics. Information and Computation 92(1) pp. 48-80(1991)[8] Coppo, M., Dezani-Ciancaglini, M., Honsell F. and Longo, G.Extended type structures and filter lambda models, in LogicColloquium �82, eds. Lolli, G., Longo, G. and Marcja, A. pp. 241-262.Amsterdam: North Holland (1983)[9] Coppo, M., Dezani-Ciancaglini, M. and Venneri, B. Functionalcharacters of solvable terms. Z. Math. Log. Grund. Math. 27(1) pp. 45-58(1981)[10] Curry, H.B. and Feys, R. Combinatory logic, Vol. I, Studies in Logicand the Foundations of Mathematics. Amsterdam: North Holland.(1958)[11] Curry, H.B., Hindley, J.R. and Seldin, J.P. Combinatory logic, Vol. II.Studies in Logic and the Foundations of Mathematics. Amsterdam:North Holland. (1972)[12] Dezani-Ciancaglini, M. and Margaria, I. A characterisation of F-complete type assignments. Theor. Comp. Sci. 45 pp. 121-157 (1986)[13] Dezani-Ciancaglini, M. and Margaria, I. Polymorphic types, fixed-point combinators and continuous lambda models, in: FormalDescription of Programming Concepts III, ed. Wirsing, M. pp. 425-448.Amsterdam: North Holland (1987)[14] Engeler, E. Algebras and combinators, Algebra Universalis 13, no. 3,pp. 389-392. (1981)[15] Giannini, P., Ronchi della Rocca, S. and Honsell, F. Type Inference,some results, some problems. To appear in Fundamentae Informaticae[16] Girard, J.Y. The system F of variable types, fifteen years later. Theor.Comp. Sci. 22, pp. 1-17 (1983)[17] Hindley, R. The simple semantics for Coppo-Dezani-Sall� types.Lecture Notes in Computer Science 137 pp. 212-226. Berlin: SpringerVerlag (1982)[18] Hindley, R. The completeness theorem for typing lambda terms.Theor. Comp. Sci. 22, pp. 1-17 (1983).[19] Hindley, R. Curry�s type rules are complete with respect to the F-semantics too. Theor. Comput. Sci. 22, pp. 127-133 (1983).

40[20] Hindley, R. Types with intersection, an introduction. To appear inFormal Aspects of Computing.[21] Jacobs, B., Margaria, I. and Zacchi, M. Expansion and conversionmodels in the lambda calculus from filters with polymorphic types.Unpublished manuscript.[22] Jacobs, B., Margaria, I. and Zacchi, M. Filter models with poly-morphic types. Theor. Comp. Sci. 95 pp. 143-158 (1992)[23] Jay, C. B. Modelling reduction in confluent categories, in:Proceedings of the Durham Symposium on Applications of Categoriesin Computer Science, eds. Fourman, M.P., Johnstone, P.T. and Pitts,A.M. LMS Lecture Notes Series 177 pp. 143-162. Cambridge: CambridgeUniversity Press (1992)[24] MacQueen, D., Plotkin, G. and Sethi, R. An ideal model forrecursive polymorphic types. Information and Control 71 pp. 95-130(1986)[25] Meseguer, J. Conditional rewriting logic as a unified model ofconcurrency. Theor. Comp. Sci. 96 pp. 73-155 (1992)[26] Meyer, R.K., Bunder, M.A. and Powers, L. Implementing the Fool�smodel of combinatory logic. To appear in special issue, Journal ofAutomated Reasoning.[27] Milner, R. A theory of type polymorphism in programming. J.Comput. System Sci. 17, pp. 348-375 (1985).[28] Mitchell, J.C. Polymorphic type inference and containment.Information and Computation 76, pp. 211-249 (1988).[29] Mitchell, J.C. A type-inference approach to reduction properties andsemantics of polymorphic expressions (Summary) in LogicalFoundations of Functional Programming, ed. Huet, G. pp. 195-212.Reading: Addison-Wesley (1990).[30] Plotkin, G.D. A set-theoretical definition of application. ResearchMemorandum MIP-R-95, 32 pp. Dept. of Machine Intelligence andPerception, University of Edinburgh (1972).[31] Plotkin, G.D. A semantics for type checking, in: Theoretical Aspectsof Computer Software, eds. Ito, T. and Meyer, A.R. Lecture Notes inComputer Science 526 pp. 1-17. Berlin: Springer Verlag (1991).[32] Rydeheard, D.E. and Stell, J.G. Foundations of equational deduc-tion: a categorical treatment of equational proofs and unification al-gorithms, in: Category theory and Computer Science, eds. Pitt, A. et al.Lecture Notes in Computer Science 283 pp. 114-139. Berlin: SpringerVerlag (1987).

41[33] Seely, R.A.G. Modelling computations a 2-categorical framework,in: Proceedings of the Second Annual IEEE Symposium on Logic inComputer Science, pp. 65-71. Los Alamitos: Computer Society Press ofthe IEEE (1987).[34] Tiuryn, J. Type inference problems: a survey, in: Proceedings,Mathematical Foundations of Computer Science, ed. Rovan, B. LectureNotes in Computer Science 452 pp. 105-120. Berlin: Springer Verlag(1990).[35] van Bakel, S. Complete restrictions of the intersection typediscipline. To appear in Theor. Comp. Sci.[36] Yokouchi, H. Embedding second order type system into intersectiontype system. To appear in Information and Computation.